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Devwudfw
Wkh lpphqvh olwhudwxuh dqg glyhuvlw| ri xqlw urrw whvwv fdq dw wlphv eh frq0
ixvlqj hyhq wr wkh vshfldolvw dqg suhvhqwv d wuxo| gdxqwlqj survshfw wr wkh xqlql0
wldwhg1 Lq frqvhtxhqfh/ pxfk hpslulfdo zrun vwloo pdnhv xvh ri wkh vlpsohvw
whvwlqj surfhgxuhv ehfdxvh lw lv xqfohdu iurp wkh olwhudwxuh dqg iurp uhfhqw uh0
ylhzv zklfk whvwv li dq| duh vxshulru1 Wklv sdshu suhvhqwv d vxuyh| ri xqlw urrw
wkhru| zlwk dq hpskdvlv rq whvwlqj sulqflsohv dqg uhfhqw ghyhorsphqwv1 Wkh jhq0
hudo iudphzrun dgrswhg pdnhv lw srvvleoh wr frqvlghu whvwv ri vwrfkdvwlf wuhqgv
djdlqvw wuhqg vwdwlrqdulw| dqg wuhqg euhdnv ri d jhqhudo w|sh1 Wkh pdlq whvwv
duh olvwhg/ dqg dv|pswrwlf glvwulexwlrqv duh jlyhq lq d vlpsoh irup wkdw hpskd0
vl}hv frpprqdolwlhv lq wkh wkhru|1 Vrph vlpxodwlrq uhvxowv duh uhsruwhg/ dqg dq
h{whqvlyh olvw ri uhihuhqfhv dqg dq dqqrwdwhg eleolrjudsk| duh surylghg1
Nh|zrugv= Dxwruhjuhvvlyh xqlw urrw> Eurzqldq prwlrq> Ixqfwlrqdo fhqwudo olplw
wkhruhp> Lqwhjudwhg surfhvv> OP sulqflsoh> Prgho vhohfwlrq> Prylqj dyhudjh xqlw
urrw> Qrqvwdwlrqdulw|> Txdvl0glhuhqflqj> Vwdwlrqdulw|> Vwrfkdvwlf wuhqg1
MHO Fodvvlfdwlrq= F551
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Dw d fdvxdo ohyho/ pdq| revhuyhg wlph vhulhv vhhp wr glvsod| qrqvwdwlrqdu| fkdudfwhu0
lvwlfv1 Iru hfrqrplf wlph vhulhv qrqvwdwlrqdu| ehkdylru lv riwhq wkh prvw grplqdqw
fkdudfwhulvwlf1 Vrph vhulhv jurz lq d vhfxodu zd| ryhu orqj shulrgv ri wlph/ rwkhuv
dsshdu wr zdqghu durxqg dv li wkh| kdyh qr {hg srsxodwlrq phdq1 Jurzwk fkdu0
dfwhulvwlfv duh hvshfldoo| hylghqw lq wlph vhulhv wkdw uhsuhvhqw djjuhjdwh hfrqrplf
ehkdylru olnh jurvv grphvwlf surgxfw dqg lqgxvwuldo surgxfwlrq1 Udqgrp zdqghulqj
ehkdylru lv hylghqw lq pdq| qdqfldo wlph vhulhv olnh lqwhuhvw udwhv dqg dvvhw sulfhv1
Vlplodu skhqrphqd dulvh lq gdwd iurp rwkhu vrfldo vflhqfhv olnh frppxqlfdwlrqv dqg
srolwlfdo vflhqfh/ rqh h{dpsoh ehlqj rslqlrq sroo gdwd rq suhvlghqwldo srsxodulw|1 Dq|
dwwhpsw wr h{sodlq ru iruhfdvw vhulhv ri wklv w|sh uhtxluhv wkdw d phfkdqlvp eh lq0
wurgxfhg wr fdswxuh wkh qrqvwdwlrqdu| hohphqwv lq wkh vhulhv/ ru wkdw wkh vhulhv eh
wudqviruphg lq vrph zd| wr dfklhyh vwdwlrqdulw|1 \hw wklv lv riwhq pxfk hdvlhu wr vd|
wkdq lw lv wr gr lq d vdwlvidfwru| zd|1 Wkh sureohp lv sduwlfxoduo| gholfdwh lq wkh
pxowlyduldwh fdvh/ zkhuh vhyhudo wlph vhulhv pd| kdyh qrqvwdwlrqdu| fkdudfwhulvwlfv
dqg wkh lqwhuuhodwlrqvklsv ri wkhvh yduldeohv duh wkh pdlq remhfw ri vwxg|1
Ehiruh 4<:3/ d yhu| srsxodu zd| ri prgholqj qrqvwdwlrqdulw| zdv wr xvh ghwhu0
plqlvwlf wuhqglqj ixqfwlrqv olnh wlph sro|qrpldov wr fdswxuh wkh vhfxodu pryhphqwv
lq wkh vhulhv1 Uhjuhvvlrq phwkrgv zhuh frpprqo| xvhg wr h{wudfw wklv wuhqg dqg wkh
uhvlgxdov zhuh wkhq dqdo|}hg dv d vwdwlrqdu| wlph vhulhv1 D prgho ri wkh irup
|| @ k| . ||r > k| @   {| > w @ 4> ===> q>

+4,

zkhuh ||r lv d vwdwlrqdu| wlph vhulhv dqg {| lv d n0yhfwru ri ghwhuplqlvwlf wuhqgv/ lv
nqrzq dv d wuhqg0vwdwlrqdu| wlph vhulhv1 Wkh wuhqg ixqfwlrq k| pd| eh pruh frpsoh{
wkdq d vlpsoh wlph sro|qrpldo1 Iru h{dpsoh/ wlph sro|qrpldov zlwk vlqxvrlgdo idfwruv
dqg slhfhzlvh wlph sro|qrpldov pd| eh xvhg1 Wkh odwwhu fruuhvsrqgv wr d fodvv ri
prghov zlwk vwuxfwxudo euhdnv lq wkh ghwhuplqlvwlf wuhqg1 Wkh rxwolqh ri wkh wkhru|
ri xqlw urrw whvwv wkdw lv jlyhq khuh zloo doorz iru wkhvh srvvlelolwlhv1
D pdmru olplwdwlrq ri prghov olnh +4, lv wkdw wkh wuhqglqj phfkdqlvp lv qrq0
vwrfkdvwlf1 Rqh zd| ri lqwurgxflqj d vwrfkdvwlf hohphqw lqwr wkh wuhqg lv wr doorz wkh
surfhvv ||r wr eh jhqhudwhg dv iroorzv=
||r @ ||r3 . x| > w @ 4> ===q/ zlwk  @ 4> x| @ F+O,%| >
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zkhuh O lv wkh odj rshudwru iru zklfk O|| @ ||3 1 Wkh lqlwldo frqglwlrq lq +5, lv vhw
dw w @ 3/ dqg |fr pd| eh d frqvwdqw ru d udqgrp yduldeoh1 Lq wkh odwwhu fdvh/ zh fdq
hyhq doorz iru glvwdqw lqlwldo frqglwlrqv +vhh Skloolsv dqg Ohh/ 4<<9/ dqg Fdqmhov dqg
Zdwvrq/ 4<<:,/ vr wkdw |fr kdv d frpsdudeoh vwrfkdvwlf rughu wr wkh whuplqdo gdwd
s
srlqw |?r > yl}1 RR + q,= Li %|  llg+3>  2 ,/ wkhq x| lq +5, lv d olqhdu surfhvv/ dqg ||r kdv
dq dxwruhjuhvvlyh xqlw urrw1 Lw lv frpprq wr pdnh wkh pruh jhqhudo dvvxpswlrq wkdw
%| lv d vwdwlrqdu| pduwlqjdoh glhuhqfh vhtxhqfh zlwk uhvshfw wr wkh qdwxudo owudwlrq
+I| ,zlwk H+%2| mI|3 , @ 2 > d1v1 Wkh vhfrqg dqg wklug frqglwlrqv ri +6, hqvxuh wkdw
x| lv fryduldqfh vwdwlrqdu| dqg kdv srvlwlyh vshfwudo ghqvlw| dw wkh ruljlq/ wkhuhe|
hqvxulqj wkdw wkh xqlw urrw lq || grhv qrw fdqfho +dv lw zrxog li x| kdg d prylqj
dyhudjh xqlw urrw,1 Wkh 2  vxppdelolw| frqglwlrq lq +6, lv xvhixo lq ydolgdwlqj wkh
iroorzlqj h{sdqvlrq ri wkh rshudwru F+O,
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 n fr = Wklv h{sdqvlrq jlyhv ulvh wr dq h{solflw
pduwlqjdoh glhuhqfh ghfrpsrvlwlrq ri x|
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Wklv ghfrpsrvlwlrq lv vrphwlphv fdoohg wkh pduwlqjdoh ghfrpsrvlwlrq lq wkh suredelo0
lw| olwhudwxuh +vhh Kdoo dqg Kh|gh/ 4<;3, ehfdxvh wkh uvw whup ri +8, lv d pduwlqjdoh
S
glhuhqfh dqg wkh sduwldo vxpv |r' xr fruuhvsrqglqjo| kdyh wkh ohdglqj pduwlqjdoh
S
whup F+4, |r' %r = Wkh h{sdqvlrq +7, zdv rewdlqhg/ exw qrw ydolgdwhg/ lq wkh zrun ri
Ehyhulgjh dqg Qhovrq +4<;4, rq ghfrpsrvlqj djjuhjdwhg hfrqrplf gdwd lqwr orqj uxq
dqg vkruw uxq frpsrqhqwv dqg lv vljqlfdqw lq wklv frqwh{w1 Wkxv/ li ||r lv jhqhudwhg
e| +5, wkhq +8, uhyhdov wkdw
||r @ F+4,

|
[
r'

%r . %hf  %h| . |fr @ \|r . | >

S
zkhuh \|r @ F+4, |r' %r dqg | @ %hf  %h| . |fr duh wkh orqj uxq dqg vkruw uxq
frpsrqhqwv ri ||r > uhvshfwlyho|1 Wkh ghfrpsrvlwlrq +8, zdv mxvwlhg lq d vlpsoh
dojheudlf zd| xvlqj +6, e| Skloolsv dqg Vror +4<<5,/ zkr vkrzhg krz wr xvh lw wr suryh
vwurqj odzv/ fhqwudo olplw wkhruhpv/ ixqfwlrqdo odzv/ dqg odzv ri lwhudwhg orjdulwkpv
iru wlph vhulhv1 Lw lv qrz frpprqo| xvhg lq wklv zd| lq wkh ghyhorsphqw ri dq
dv|pswrwlf wkhru| iru qrqvwdwlrqdu| wlph vhulhv1
S
Wkh rxwsxw ri +5, fdq eh zulwwhq dv wkh dffxpxodwhg surfhvv ||r @ | ' x . |fr /
dqg lv fdoohg d vwrfkdvwlf wuhqg e| yluwxh ri wkh idfw wkdw lw lv ri vwrfkdvwlf rughu
5

RR +w*2 , 1 Wkh surfhvv ||r lv glhuhqfh vwdwlrqdu| lq wkh vhqvh wkdw ||r @ x| lv d
vwdwlrqdu| surfhvv zkhuh  @ 4  O lv wkh glhuhqflqj rshudwru1 Wkh whuplqrorj|
lqwhjudwhg surfhvv ri rughu rqh +zulwwhq dv L+4,, lv lq frpprq xvh ehfdxvh ri wkh
deryh uhsuhvhqwdwlrq1 Lq frqvhtxhqfh/ zh fdoo d vwdwlrqdu| wlph vhulhv dq L+3, surfhvv
+lqwhjudwhg ri rughu }hur,1 Wkh dvvxpswlrqv jlyhq deryh duh vxflhqw wr hqvxuh
wkdw ||r vdwlvhv d ixqfwlrqdo fhqwudo olplw wkhruhp +vhh Skloolsv dqg Vror/ 4<<5/ iru d
ghprqvwudwlrq,/ zklfk lv dq lpsruwdqw hohphqw lq wkh ghyhorsphqw ri wkh dv|pswrwlf
wkhru| ri doo xqlw urrw whvwv1 Dv d uhvxow/ q3*2 |dr?oo , E+u,/ d Eurzqldq prwlrq
zlwk yduldqfh $ 2 @ 2 F+4,2 / zkhuh ^qu` vljqlhv wkh lqwhjhu sduw ri qu dqg u 5 ^3> 4`
uhsuhvhqwv vrph iudfwlrq ri wkh vdpsoh gdwd1 Wkh sdudphwhu $ 2 @ 5i +3, lv fdoohg
wkh orqj0uxq yduldqfh ri x| 1
Lq frqwudvw wr vwdwlrqdu| ru wuhqg vwdwlrqdu| wlph vhulhv/ prghov zlwk d vwrfkdvwlf
wuhqg kdyh wlph ghshqghqw yduldqfhv wkdw jr wr lqqlw| zlwk wlph/ duh shuvlvwhqw
lq wkh vhqvh wkdw vkrfnv kdyh shupdqhqw hhfwv rq wkh ydoxhv ri wkh surfhvv/ dqg
kdyh lqqlwh vshfwuxp dw wkh ruljlq1 Wkhvh surshuwlhv ri vwrfkdvwlf wuhqgv kdyh
frqvlghudeoh uhohydqfh lq hfrqrplf dssolfdwlrqv1 Iru lqvwdqfh/ xqghu wkh uhdo exvlqhvv
f|foh k|srwkhvlv/ srolf| dfwlrqv duh uhtxluhg wr eulqj uhdo JQS edfn wr lwv ruljlqdo
sdwk gxh wr wkh shuvlvwhqw hhfwv ri lqqrydwlrqv1 Krzhyhu/ ohvv srolf| lqwhuyhqwlrq lv
qhhghg lq wuhqg vwdwlrqdu| prghov ehfdxvh vkrfnv rqo| kdyh d wudqvlwru| hhfw1
Whvwlqj iru wkh suhvhqfh ri d vwrfkdvwlf wuhqg lq wkh prgho +4, lv htxlydohqw wr
whvwlqj wkh qxoo k|srwkhvlv wkdw wkh dxwruhjuhvvlyh sdudphwhu  @ 4 lq +5,/ dqg lv
nqrzq dv d xqlw urrw whvw1 Wkh dowhuqdwlyh k|srwkhvlv wkdw mm ? 4 fruuhvsrqgv wr
wkh yhuvlrq ri wkh prgho lq zklfk || lv wuhqg vwdwlrqdu|1 Wkh whvw fdq eh lqwhusuhwhg
dv d whvw ri glhuhqfh vwdwlrqdulw| yhuvxv wuhqg0vwdwlrqdulw| lq wkh wlph vhulhv || 1
Wkhuh duh qrz d zlgh ydulhw| ri vxfk whvwv/ edvhg rq sdudphwulf/ vhpl0sdudphwulf
dqg qrq0sdudphwulf phwkrgv dqg hpsor|lqj erwk fodvvlfdo dqg Ed|hvldq sulqflsohv
ri vwdwlvwlfdo whvwlqj1 Wkh olwhudwxuh lv lpphqvh1 Wklv sdshu vhhnv wr fryhu wkh pdlq
sulqflsohv ri whvwlqj/ wkh prvw frpprqo| xvhg whvwv lq sudfwlfdo zrun/ d frpsdulvrq
ri wkh qlwh vdpsoh surshuwlhv dprqj wkhvh whvwv/ dqg uhfhqw ghyhorsphqwv1
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Frpelqlqj +4, dqg +5, jlyhv wkh uhjuhvvlrq prgho
|| @   {| . ||3 . x| =
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+9,

Lq +9, wkh ghwhuplqlvwlf frpsrqhqw lv frqvwuxfwhg vr wkdw k| @   {| @   D{| @
  {| / iru vrph pdwul{ D dqg yhfwru 1 Wklv xvxdoo| lqyroyhv udlvlqj wkh ghjuhh ri wkh
ghwhuplqlvwlf wuhqgv wr hqvxuh wkdw wkh pd{lpxp wuhqg ghjuhhv lq +9, dqg +4, duh wkh
vdph1 Wkhq/ dw ohdvw rqh hohphqw ri wkh sdudphwhu yhfwru  lv }hur dqg/ frqvhtxhqwo|/
wkhuh duh vxusoxv wuhqg yduldeohv lq wkh uhjuhvvlrq htxdwlrq +9,1 Lw zloo vxevhtxhqwo|
eh xvhixo wr pdnh wklv uhgxqgdqf| h{solflw/ dqg wklv fdq eh grqh e| uhzulwlqj wkh
| / zkhuh {
| @ V{| iru vrph holplqdwru
wuhqg frpsrqhqw lq +9, dv k| @   {| @  {
pdwul{ V wkdw holplqdwhv uhgxqgdqw urzv ri {| 1 Wkh irupxodwlrq +9, wkhuhiruh uhvxowv
lq vrph lqhflhqf| lq wkh uhjuhvvlrq ehfdxvh {
| lv ri vpdoohu glphqvlrq wkdq {| 1
Wkhuh lv dq dowhuqdwlyh dssurdfk wkdw dyrlgv wklv sureohp ri uhgxqgdqw yduldeohv
dqg lw zloo eh glvfxvvhg lq Vhfwlrqv 614 dqg 615 ehorz1 Wkh uhjuhvvlrq +9, grhv kdyh
wkh dgydqwdjh wkdw wkh ghwuhqghg gdwd lv lqyduldqw wr wkh sdudphwhuv lq wkh wuhqg
ixqfwlrq lq +4,1
Wr ghyhors dq dv|pswrwlf wkhru| lw lv dvvxphg wkdw wkhuh h{lvwv d vfdolqj pdwul{
G? dqg d slhfhzlvh frqwlqxrxv ixqfwlrq [+u, vxfk wkdw G?3 {d?oo $ [+u, dv q $
4 xqlirupo| lq u 5 ^3> 4`1 Iru h{dpsoh/ li k| lv d s0ghjuhh wlph sro|qrpldo/ wkhq
G? @ gldj+4> q> ===> qR , dqg [+u, @ +4> u> ===> uR , 1 Fruuhvsrqglqjo|/ lw lv dovr dvvxphg

d?oo $ [+u,
dv q $ 4/ xqlirupo| lq
wkdw wkhuh h{lvwv d pdwul{ I? iru zklfk I?3 {

u 5 ^3> 4`= Lq jhqhudo/ [+u, @ V[+u,1
Wkh Glfnh|~Ixoohu whvwv +Glfnh| dqg Ixoohu/ 4<:</ 4<;4, ghdow zlwk Jdxvvldq udq0
grp zdonv zlwk lqghshqghqw uhvlgxdov1 Ohw 
e eh wkh ROV hvwlpdwru ri  lq +9, dqg
wke eh wkh fruuhvsrqglqj w0udwlr vwdwlvwlfv/ xqghu wkh qxoo k|srwkhvlv  @ 4> wkh odujh
vdpsoh wkhru| iru wkhvh txdqwlwlhv lqyroyhv ixqfwlrqdov ri Eurzqldq prwlrq/ vrph
ri zklfk duh vwrfkdvwlf lqwhjudov1 Wkh olplw wkhru| irupv wkh edvlv ri wkh xqlw urrw
whvwv1 Li wkh vkrfnv x| duh llg+3> 2 , udqgrp yduldwhv/ wkh odujh vdpsoh wkhru| iru wkh
frhflhqw hvwlpdwru 
e dqg lwv uhjuhvvlrq w0udwlr vwdwlvwlf wke duh jlyhq e| wkh iroorzlqj
ixqfwlrqdov ri Eurzqldq prwlrq/
q+e
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zkhuh , vljqlhv zhdn frqyhujhqfh/ Z lv vwdqgdug Eurzqldq prwlrq/ dqg Zf +u, @
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[+u, lv wkh Kloehuw surmhfwlrq lq O2 ^3> 4` ri Z rqwr wkh
Z +u,  f Z [
f
vsdfh ruwkrjrqdo wr [= Lq wkh vshfldo fdvh zkhuh wkhuh lv qr ghwhuplqlvwlf frpsrqhqw
{| > wkhvh olplw glvwulexwlrqv uhgxfh wr wkh frpprqo| nqrzq Glfnh|0Ixoohu glvwulex0
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l3*2
kU
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Glfnh| dqg Ixoohu +4<:</ 4<;4, glg qrw wkhpvhoyhv xvh wkhvh uhsuhvhqwdwlrqv/ exw
7

xvhg htxlydohqw U" irupxodwlrqv lq whupv ri olqhdu frpelqdwlrqv ri ixqfwlrqv ri llg
Q +3> 4, yduldwhv/ udwkhu wkdq vwrfkdvwlf surfhvv uhsuhvhqwdwlrqv rq ixqfwlrq vsdfhv1
Wkh odwwhu uvw dsshduhg/ exw zhuh xqsuryhg/ lq Zklwh +4<8;,/ dqg zhuh odwhu gh0
yhorshg lq surjuhvvlyh ghjuhhv ri jhqhudolw| e| Odl dqg Zhl +4<;5,/ Vror +4<;7, dqg
Skloolsv +4<;:,1 Pxowlyduldwh uhjuhvvlrq fdvhv zhuh ghdow zlwk xvlqj wkhvh phwkrgv lq
Skloolsv +4<;9, dqg Skloolsv dqg Gxuodxi +4<;9,1
Lq wkh pruh jhqhudo fdvh zkhuh wkh uhvlgxdo surfhvv x| lv vwdwlrqdu|/ wkh olplw
glvwulexwlrqv ri 
e dqg wke kdyh dgglwlrqdo eldv whupv gxh wr wkh suhvhqfh ri vhuldo
fruuhodwlrq1 Wkhvh zhuh h{soruhg lq Skloolsv +4<;:,1 Dv d uhvxow/ wkh olplwlqj glv0
wulexwlrqv ri wkh wzr vwdwlvwlfv lq +:, dqg +;, ehfrph ghshqghqw rq wkh qxlvdqfh
sdudphwhuv1 Vxfk d sureohp fdq eh vroyhg lq d sdudphwulf ru qrq0sdudphwulf zd|/
ohdglqj wr wzr pdmru fodvvhv ri xqlw urrw whvwv wkdw duh glvwlqjxlvkhg e| wkhlu wuhdw0
phqw ri wkh dxwrfruuhodwlrq lq wkh vwdwlrqdu| uhvlgxdo surfhvv x| 1 Rqh dssurdfk/
sursrvhg e| Skloolsv +4<;:,/ dgmxvwv 
e dqg wke edvhg rq qrqsdudphwulf hvwlpdwhv ri
wkh qxlvdqfh sdudphwhuv wr dffrxqw iru wkh vhuldo fruuhodwlrq1 Wklv dssurdfk lv vdlg
wr eh vhpl0sdudphwulf vlqfh lwv wuhdwphqw ri wkh uhjuhvvlrq frhflhqw  lv sdudphwulf
exw lw ghdov zlwk wkh vwdwlrqdu| uhvlgxdo qrqsdudphwulfdoo|1 Wkh vhfrqg dssurdfk/ wkh
dxjphqwhg Glfnh|~Ixoohu +DGI, whvw/ dggv odjv wr wkh dxwrfruuhodwlrq wr holplqdwh
wkh hhfw ri vhuldo fruuhodwlrq rq wkh whvw vwdwlvwlfv1 Vxfk d ghylfh uholhv rq vshfli|lqj
wkh vwdwlrqdu| sduw ri wkh surfhvv lq whupv ri d sdudphwulf prgho +frpprqo| dq dx0
wruhjuhvvlrq, dqg lv wkhuhiruh ixoo| sdudphwulf1 Wklv dssurdfk zdv h{soruhg e| Vdlg
dqg Glfnh| +4<;7,1
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Wkh vhplsdudphwulf ]k dqg ]| whvwv zhuh ghyhorshg lq Skloolsv +4<;:, dqg h{whqg wkh
ruljlqdo xqlw urrw whvwv ri Glfnh| dqg Ixoohu +4<:</ 4<;4,/ zklfk zhuh edvhg rq wkh
vwdwlvwlf q+a
  4, dqg wk lq wkh Jdxvvldq DU+4, prgho1 Skloolsv dqg Shuurq +4<;;,/
Rxoldulv hw do1 +4<<3,/ dqg Sdun dqg Vxqj +4<<7, jlyh ydulrxv h{whqvlrqv ri wkhvh
vhplsdudphwulf whvwv1 Iroorzlqj Skloolsv +4<;:,/ zkhq wkh uhvlgxdo surfhvv x| lq +7,
lv d jhqhudo vwdwlrqdu| wlph vhulhv/ wkh dv|pswrwlf glvwulexwlrqv duh jlyhq dv iroorzv=
kU
lkU
l3


2
q+a
d  4, , f Ef +u,gE+u, .  f Ef
+u,gu
>
+<,
dqg
wk , 

3

kU

lkU
l3*2

2
Ef +u,gE+u, .  f Ef +u,gu
>
f


+43,

zkhuh 2 @ ydu+x| ,/ E+u, lv Eurzqldq prwlrq zlwk yduldqfh $2 @ 2 F+4,2 /  @
S"
 ' H+xf x ,/ dqg Ef +u, lv ghwuhqghg Eurzqldq prwlrq ghqhg e| wkh O2 ^3> 4`
8

Kloehuw vsdfh surmhfwlrq ri E+u, rqwr wkh vsdfh ruwkrjrqdo wr wkh vsdq ri [+u,/ yl}1/
kU
l kU
l3


[[
[+u,1 Lq +<, dqg +43,/ $2 dqg  duh qxlvdqfh
Ef +u, @ E+u,  f E[
f
sdudphwhuv dqg pd| eh frqvlvwhqwo| hvwlpdwhg e| qrqsdudphwulf nhuqho whfkqltxhv/
dqdorjrxv wr wkrvh wkdw duh xvhg lq wkh hvwlpdwlrq ri wkh vshfwudo ghqvlw| +h1j1/ vhh
a eh vxfk hvwlpdwhv1 Xvlqj wkh olplw wkhru| lq +<, dqg
Dqguhzv/ 4<<4,1 Ohw $
a 2 dqg 
+43, dqg wkhvh qrqsdudphwulf hvwlpdwhv ri wkh qxlvdqfh sdudphwhuv/ wkh iroorzlqj
vwdwlvwlfv duh iruphg wr whvw wkh xqlw urrw k|srwkhvlv=
3
l3

kU
lkU
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a q32
  4,  
|fc|
,
Z
gZ
Z
>
+44,
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kU
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2
a $
a $
a 3 wk  
a q32 ?|'2 |fc|
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Z
gZ
Z
> +45,
]| @ 
f
3
f
f
f
zkhuh |fc| lv wkh uhvlgxdo iurp d uhjuhvvlrq ri || rq {| = Wkh olplw yduldwhv vkrzq lq
+44, dqg +45, lqyroyh vwdqgdug Eurzqldq prwlrq Z +u, @ / E+u, dqg wkh vwdqgdugl}hg
surfhvv Zf +u, @ / Ef +u,> vr wkh| duh iuhh ri qxlvdqfh sdudphwhuv dqg surgxfh vlplodu
whvwv iru d xqlw urrw1
Wkh olplw yduldwhv +44, dqg +45, vlpsoli| wr wkrvh ri wkh ruljlqdo Glfnh|~Ixoohu
whvwv lq wkh fdvh ri d wwhg lqwhufhsw ru olqhdu wuhqg dqg fdq eh xvhg wr frqvwuxfw
fulwlfdo ydoxhv iru wkh whvwv1 Wklv lv w|slfdoo| grqh e| odujh vfdoh vlpxodwlrqv/ vlqfh
wkh olplw glvwulexwlrqv duh qrq0vwdqgdug1 Ixoohu +4<:924<<9, jlyhv vrph qxphulfdo
wdexodwlrqv iru wkh lqwhufhsw dqg olqhdu wuhqg fdvhv 1 Frpsxwhul}hg wdexodwlrqv duh
jlyhq lq Rxoldulv dqg Skloolsv +4<<7, iru wkh fdvh ri sro|qrpldo wuhqgv1 Wkhvh olplw
glvwulexwlrqv duh dv|pphwulf dqg kdyh orqj ohiw wdlov1 Lq wkh fdvh ri wkh ]k whvw/
iru lqvwdqfh/ zh uhmhfw wkh qxoo k|srwkhvlv ri d xqlw urrw dw wkh 8( ohyho li ]k ?
fy+]k > 8(,/ wkh 8( fulwlfdo ydoxh ri wkh whvw1 Erwk wkh ]k dqg ]| whvwv duh rqh0vlghg1
Wkh| phdvxuh wkh vxssruw lq wkh gdwd iurp d xqlw urrw djdlqvw wkh dowhuqdwlyh wkdw wkh
gdwd duh vwdwlrqdu| derxw wkh ghwhuplqlvwlf wuhqg {| 1 Zkhq wkhuh lv qr ghwhuplqlvwlf
wuhqg lq wkh uhjuhvvlrq prgho/ wkh dowhuqdwlyh k|srwkhvlv lv mxvw vwdwlrqdulw|1 Lq wklv
fdvh/ wkh olplw yduldwhv lqyroyh rqo| wkh vwdqgdug Eurzqldq prwlrq Z / dqg Zf @ Z
lq +44, dqg +45,1
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Wkh prvw frpprq sdudphwulf xqlw urrw whvw lv wkh dxjphqwhg Glfnh|~Ixoohu +DGI,
whvw1 Wklv whvw zdv ruljlqdoo| sursrvhg e| Glfnh| dqg Ixoohu +4<:</ 4<;4, iru wkh fdvh
zkhuh x| lq +9, lv dq DU+s, surfhvv1 Wkh xqlw urrw k|srwkhvlv lq +9, fruuhvsrqgv wr
wkh k|srwkhvlv d @ 3 lq wkh iroorzlqj uhjuhvvlrq=
[&3
* ||3 .   {| . %| =
+46,
|| @ d||3 .
 '

9

Wklv k|srwkhvlv fdq eh whvwhg e| phdqv ri wkh uhjuhvvlrq frhflhqw e
d ru lwv w0udwlr
vwdwlvwlf w@ > zklfk kdyh wkh vdph olplwlqj glvwulexwlrqv dv wkrvh jlyhq lq +:, dqg
+;,1 Iru pruh jhqhudo wlph vhulhv surfhvvhv/ zh fdq h{shfw wkdw/ dv n $ 4/ wkh
dxwruhjuhvvlyh dssur{lpdwlrq zloo jlyh dq lqfuhdvlqjo| dffxudwh uhsuhvhqwdwlrq ri wkh
wuxh surfhvv1 Lq dq lpsruwdqw h{whqvlrq ri Glfnh| dqg Ixoohu +4<:<,/ Vdlg dqg Glfnh|
+4<;7, suryh wkh ydolglw| ri wkh DGI w0udwlr whvw +DGI| , lq jhqhudo DUPD surfhvvhv
ri xqnqrzq rughu/ surylghg wkh odj ohqjwk lq wkh dxwruhjuhvvlrq lqfuhdvhv zlwk wkh
vdpsoh vl}h dw d udwh ohvv wkdq q* > zkhuh q @ vdpsoh vl}h1 Wklv vwdwlvwlf kdv wkh
vdph olplw glvwulexwlrq dv wkh ]| whvw jlyhq lq +45, dqg wkxv wkh vdph fulwlfdo ydoxhv
fdq eh xvhg lq sudfwlfdo dssolfdwlrqv1
Wkh olplw glvwulexwlrq ri wkh frhflhqw hvwlpdwh e
d lv ghshqghqw rq qxlvdqfh sd0
udphwhuv hyhq dv wkh odj ohqjwk jrhv wr lqqlw|1 Vshflfdoo|/
l3
k U
lk U


2
qe
d ,  f Zf gZ $ f Zf
>
zklfk ghshqgv rq xqnqrzq sdudphwhuv  dqg $= Krzhyhu/ $ dqg  fdq eh frqvlvwhqwo|
S
hvwlpdwhg1 Lq sduwlfxodu/ 
e2 @ %e2| @q lv d frqvlvwhqw hvwlpdwru ri 2 > dqg $ 2 fdq eh
S
e2 @+4 *
e ,2 = Xqghu
frqvlvwhqwo| hvwlpdwhg e| wkh DU hvwlpdwru +Ehun/ 4<:7, $
e2 @ 
wkh qxoo k|srwkhvlv wkdw d @ 3> lw lv dssduhqw wkdw wkh prglhg frhflhqw0edvhg whvw
$@e
,qe
d/ kdv wkh vdph olplw glvwulexwlrq dv wkdw ri wkh ]k whvw
vwdwlvwlf/ DGIk @ +e
dqg wkdw ri wkh ruljlqdo Glfnh|~Ixoohu frhflhqw whvw1 Wklv DGIk whvw zdv ghyhorshg
lq [ldr dqg Skloolsv +4<<:,1
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Wkh uhjuhvvlrq htxdwlrqv ri fodvvlfdo xqlw urrw whvwv olnh +9, dqg +46, lqyroyh uhgxqgdqw
wuhqg yduldeohv1 Lw lv wr eh dqwlflsdwhg wkdw holplqdwlrq ri uhgxqgdqw frpsrqhqwv lq
wkh ghwhuplqlvwlf wuhqg pd| eulqj dq hflhqf| jdlq wr wkh xqlw urrw whvwv1 Rqh vxfk
whvw wkdw vxffhvvixoo| dyrlgv wkh sureohp ri uhgxqgdqw wuhqg yduldeohv lv wkh yrq
Qhxpdqq +YQ, udwlr whvw1
Wkh yrq Qhxpdqq +YQ, udwlr lv wkh udwlr ri wkh vdpsoh yduldqfhv ri wkh gli0
ihuhqfhv dqg wkh ohyhov ri d wlph vhulhv1 Iru Jdxvvldq gdwd wklv udwlr ohdgv wr zhoo
nqrzq whvwv ri vhuldo fruuhodwlrq wkdw kdyh jrrg qlwh vdpsoh surshuwlhv1 Vdujdq dqg
Ekdujdyd +4<;6, vxjjhvwhg wkh xvh ri wklv vwdwlvwlf iru whvwlqj wkh Jdxvvldq udqgrp
zdon k|srwkhvlv/ dqg Ekdujdyd +4<;9, h{whqgv lw wr wkh fdvh ri d wlph wuhqg1 Xv0
lqj qrqsdudphwulf hvwlpdwhv ri wkh qxlvdqfh sdudphwhu $2 / lw lv d vlpsoh pdwwhu wr
uhvfdoh wkh YQ udwlr wr surylgh d xqlw urrw whvw iru prgho +4, dqg +5, deryh1 Vwrfn
:

+4<<8, grhv wklv iru wkh fdvh zkhuh wkhuh lv d olqhdu wuhqg1 Xvlqj d glhuhqw dssurdfk
dqg zrunlqj zlwk sro|qrpldo wuhqgv/ Vfkplgw dqg Skloolsv +4<<5, vkrz wkdw iru d
Jdxvvldq olnholkrrg wkh Odjudqjh pxowlsolhu +OP, sulqflsoh ohdgv wr d YQ whvw/ dqg
fdq eh jhqhudol}hg e| xvlqj d qrqsdudphwulf hvwlpdwh ri $ 2 1 Wkh iroorzlqj glvfxvvlrq
jlyhv d jhqhudol}hg YQ xqlw urrw whvw iru wkh prgho +4, dqg +5,/ doorzlqj iru wuhqgv
dqg wuhqg euhdnv1
Li ||r zhuh revhuydeoh/ wkh YQ udwlr zrxog wdnh wkh irup Y Q @
S?
r 2 S?
r 2
r
|'2 +|| , @ |' +|| , 1 Wkh surfhvv || lv/ lq idfw/ xqrevhuyhg exw pd| eh hvwl0
pdwhg iurp +4,1 Qrwh wkdw/ xqghu wkh qxoo k|srwkhvlv dqg diwhu glhuhqfhv duh wdnhq/
zh jhw
+47,
|| @ k| . ||r =
Wklv htxdwlrq lv wuhqg vwdwlrqdu|/ vr wkdw e| wkh Juhqdqghu~Urvhqeodww wkhruhp
+Juhqdqghu ) Urvhqeodww/ 4<8:/ Fkdswhu :, wkh wuhqg ixqfwlrq fdq eh hflhqwo|
hvwlpdwhg e| dq ROV uhjuhvvlrq1 Grlqj vr dyrlgv wkh sureohp phqwlrqhg hduolhu ri
kdylqj vxusoxv wuhqg yduldeohv lq wkh ghwuhqglqj uhjuhvvlrq1 Lqwxlwlrq vxjjhvwv wkdw
wklv vkrxog lqfuhdvh wkh srzhu ri wkh whvw/ dw ohdvw lq wkh qhljkerukrrg ri wkh qxoo/
dqg vlpxodwlrqv lq Vfkplgw ) Skloolsv +4<<5, frqup wklv1
a | eh wkh uhvlgxdov iurp wkh hflhqw ghwuhqglqj uhjuhvvlrq
Ohw a
||r @ ||  k
S
||r eh wkh dvvrfldwhg hvwlpdwh ri ||r 1 Ohw $
a 2 dqg 
a2 eh
+47, dqg ohw |a|r @ |r'2 a
frqvlvwhqw hvwlpdwhv ri $2 dqg 2 1 +Wkhvh pd| eh rewdlqhg lq wkh vdph zd| dv lq
wkh frqvwuxfwlrq ri wkh ]| whvw/ l1h1 e| xvlqj wkh uhvlgxdov iurp wkh uhjuhvvlrq +9,1,
Ilqdoo|/ ohw |h|r @ |a|r    {| eh wkh uhvlgxdov iurp dq ROV uhjuhvvlrq ri |a|r rq {| =
Uhvfdolqj wkh yrq Qhxpdqq udwlr wkhq ohdgv wr wkh iroorzlqj wzr whvw vwdwlvwlfv
S
l3
kU
||r ,2
$
a 2 q3 ?|'2 +a
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+48,
UT  @ 2 32 S?
f

a q
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h
hf2
UT  @ 2 32 S?
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+49,
f

a q
||r ,2
|' +h
Wkh olplw surfhvv Yaf +u, lq +49, lv d ghwuhqghg jhqhudol}hg Eurzqldq eulgjh/ zkrvh
suhflvh irup ghshqgv rq wkh ghwhuplqlvwlf wuhqg k| lq +4,1 Vshflfdoo|/
U
3
U
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[
[+u,
Yaf +u, @ Yf +u,  f Yf [
f

+4:,


lv wkh surmhfwlrq uhvlgxdo ri wkh surfhvv Yf rq wkh vsdfh vsdqqhg e| [+u,/
dqg
U
3 U
U


o 

[

[
[
+4;,
Yf +u, @ Z +u,  f gZ [
f
f
 kdv d frqvwdqw hohphqw +dv lw
lv d jhqhudol}hg Eurzqldq eulgjh surfhvv1 Zkhq [
xvxdoo| zloo,/ lw lv hdv| wr vhh wkdw wkh surfhvv Yf lv wlhg grzq wr wkh ruljlq dw
;

wkh hqgv ri wkh ^3/4` lqwhuydo mxvw olnh d Eurzqldq eulgjh/ vr wkdw erwk Yf +3, @ 3
dqg Yf +4, @ 31 Lq wkh fdvh ri d vlpsoh olqhdu wuhqg/ Yf +u, @ Z +u,  uZ +4, lv
U
d vwdqgdug Eurzqldq eulgjh/ dqg Yaf +u, @ Yf +u,  f Yf lv d ghphdqhg Eurzqldq
a | / wkh
eulgjh1 Frqvrqdqw zlwk wkh hflhqw ghwuhqglqj uhjuhvvlrq a
||r @ ||  k

zklfk/
olplw surfhvv Yaf lq +49, lv ghwuhqghg xvlqj wkh olplwlqj wuhqg ixqfwlrq [+u,/
olnh {
| / lqyroyhv qr uhgxqgdqw wuhqg yduldeohv1
Fulwlfdo ydoxhv ri wkh olplw yduldwhv vkrzq lq +48, dqg +49, pxvw eh rewdlqhg
e| vlpxodwlrq1 Wkh vwdwlvwlfv duh srvlwlyh doprvw vxuho| dqg wkh whvwv duh rqh vlghg1
hT  lq wkh fdvh zkhuh k| lv d olqhdu
Vfkplgw ) Skloolsv +4<<5, surylgh wdexodwlrqv iru U
hT  > 8(,1
hT  A fy+U
wuhqg1 Wkh suhvhqfh ri d xqlw urrw lv uhmhfwhg dw wkh 8( ohyho li U
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Dv glvfxvvhg lq Vhfwlrq 614 deryh/ wkh yrq Qhxpdqq udwlr whvw UT  lv frqvwuxfwhg
xvlqj dq hflhqw ghwuhqglqj uhjuhvvlrq xqghu wkh qxoo k|srwkhvlv lq frqwudvw wr wkh
uhjuhvvlrq +9,/ zkhuh wkhuh duh jhqhudoo| uhgxqgdqw wuhqglqj uhjuhvvruv1 Rqh zd| wr
lpsuryh wkh srzhu ri xqlw urrw whvwv lv wr shuirup wkh ghwuhqglqj uhjuhvvlrq lq d zd|
wkdw lv hflhqw xqghu wkh dowhuqdwlyh k|srwkhvlv dv zhoo/ dq lghd wkdw zdv vxjjhvwhg
lq Hoolrw hw do1 +4<<9, lq wkh frqwh{w ri wkh uhprydo ri phdqv dqg olqhdu wuhqgv1 Iru
dowhuqdwlyhv wkdw duh glvwdqw iurp d xqlw urrw/ wklv fdq eh grqh gluhfwo| e| phdqv ri
d uhjuhvvlrq rq +4, ehfdxvh ||r lv vwdwlrqdu| zlwk d vshfwudo ghqvlw| wkdw lv frqwlqxrxv
dw wkh ruljlq dqg wkhq wkh Juhqdqghu~Urvhqeodww wkhruhp dssolhv1 Wr rewdlq odujh
vdpsoh dssur{lpdwlrqv/ zh fdq frqvlghu dowhuqdwlyhv wkdw duh forvhu wr xqlw|1 Vxfk
dowhuqdwlyh k|srwkhvhv fdq riwhq eh zhoo prghoohg xvlqj wkh orfdo dowhuqdwlyh
 @ h{s+q3 f,  4 . q3 f

+4<,

iru vrph {hg f @ f / vd|/ jlyhq wkh vdpsoh vl}h q1 Lq wklv fdvh/ lq rughu wr hflhqwo|
hvwlpdwh wkh wuhqg frhflhqw xqghu wkh dowhuqdwlyh k|srwkhvlv/ zh vkrxog xvh txdvl0
glhuhqflqj udwkhu wkdq glhuhqflqj lq wkh frqvwuxfwlrq ri wkh ghwuhqglqj uhjuhvvlrq1
Lw lv nqrzq wkdw vxfk d uhjuhvvlrq ohdgv wr hvwlpdwhv ri wkh wuhqg frhflhqwv wkdw
duh dv|pswrwlfdoo| pruh hflhqw wkdq dq ROV uhjuhvvlrq lq ohyhov +Skloolsv dqg Ohh/
4<<9,/ dqg wklv uhvxow mxvwlhv wkh prglhg whvw surfhgxuh wkdw iroorzv1
Ghqh wkh txdvl0glhuhqfh rshudwru dv S > S7|| @ +4  O  q3 fO,|| @ || 
q3 f||3 / wdnh txdvl0glhuhqfhv ri +4, dqg uxq wkh ghwuhqglqj uhjuhvvlrq
S7|| @  S7{| . S7||r =

<

+53,

Zh fdoo vxfk ghwuhqglqj surfhgxuhv txdvl0glhuhqfh +TG, ghwuhqglqj1 Xvlqj wkh
wwhg frhflhqwv  iurp wklv ROV uhjuhvvlrq/ wkh ohyhov gdwd duh ghwuhqghg dffruglqj
wr
+54,
|| @ ||    {| =
Wkh ghwuhqghg gdwd || pd| eh xvhg lq wkh frqvwuxfwlrq ri xqlw urrw whvwv1 Iru h{dpsoh/
zh fdq frqvwuxfw wkh prglhg vhpl0sdudphwulf ]k whvw e| uxqqlqj wkh uhjuhvvlrq ri
wkh TG ghwuhqghg yduldeoh |h| rq lwv rqh0shulrg odjjhg ydoxh |h|3 zlwkrxw ghwhuplqlvwlf
wuhqgv lq wkh uhjuhvvlrq/ jlylqj
h|h|3 . uhvlgxdo=
|h| @ 
Wkh prglhg ]k whvw vwdwlvwlf kdv wkh iroorzlqj irup
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+55,

U
3
U

 S7+u, @ Z +u,   gZS [S7  [S7[S7
[+u, lv wkh zhdn olplw ri q3 2 |hd?oo /
zkhuh Z
f
f
Uo
 lv d frqvlvwhqw hvwlpdwru ri / [S +u, @ [  +u,  f[+u,
ZS +u, @ Z +u,  f f Z +v,> 
lv wkh olplw ixqfwlrq ri wkh txdvl0glhuhqfhg ghwhuplqlvwlf wuhqg dqg [f @ [  +u, lv
wkh olplwlqj ghwhuplqlvwlf wuhqg ixqfwlrq zlwk f @ 31 Qrwh wkdw wkh vlpsoh irup ri
+55, iroorzv ehfdxvh
U
3
U
 S7+u, @ gZ +u,   gZS [S7  [S7[S7 [f +u,gu>
+56,
gZ
f
f
vlqfh g[ +u, @ [  +u,gu @ [f +u,gu= Iurp h{suhvvlrq +56, lw lv ixuwkhu dssduhqw wkdw
 S7+u,,2 @ +gZ +u,,2 @ gu= Zkloh vlplodu lq irup wr +44,/ wkh olplw irupxod +55,
+gZ
 S7+u,> udwkhu wkdq Zf +u,= Rqh glhuhqfh khuh lv wkh ghshq0
ghshqgv rq wkh surfhvv Z
 S7+u, lv iruphg
 S7+u, rq f= D vhfrqg dqg pruh vljqlfdqw glhuhqfh lv wkdw Z
ghqfh ri Z
e| wdnlqj d qrq ruwkrjrqdo Kloehuw surmhfwlrq uhvlgxdo ri Z +u, rq wkh vsdfh vsdqqhg
e| [+u, lq O2 ^3> 4`= Vxfk surmhfwlrqv dsshdu lqiuhtxhqwo| lq Kloehuw vsdfh dqdo|vlv/
exw wklv lv dq lpsruwdqw h{dpsoh zkhuh wkh| gr dsshdu/ dulvlqj iurp wkh lghpsrwhqw
rshudwru wkdw jlyhv wkh rswlpdo gluhfwlrq ri wkh surmhfwlrq lq O2 ^3> 4` ixqfwlrq vsdfh
 vhh Skloolsv +4<<9, iru pruh glvfxvvlrq1
Xvlqj wkh vdph lghd/ zh fdq frqvwuxfw wkh prglhg ]| whvwv dqg DGI whvwv dqg
wkh fruuhvsrqglqj olplw wkhru| iru wkhvh whvwv lv
l3*2 U
kU

h| ,  Z
 S72
 S7gZ
 S7=
a| > ]
Z
+57,
DGI
f
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 S7+u,,2 @ +gZ +u,,2 @
E| d vlpsoh dssolfdwlrq ri vwrfkdvwlf fdofxoxv xvlqj wkh idfw wkdw +gZ
gu> lw lv dssduhqw wkdw wkh olplw glvwulexwlrq +57, fdq eh zulwwhq lq wkh dowhuqdwh irup
l
4 kU   2 l3k 
2
Z
Z
+4,

4
=
S7
5 f S7
Lq wkh vshfldo fdvh zkhuh {| lv d frqvwdqw ru d olqhdu wuhqg/ wkhvh irupxodh uhgxfh wr
wkrvh jlyhq lq Vwrfn +4<<7,1
Vlqfh wkh olplw wkhru| lq +55, lv glhuhqw iurp wkdw ri +44,/ qhz fulwlfdo ydoxhv duh
qhhghg iru wklv whvw1 Wkh olplw wkhru| ghshqgv h{solflwo| rq wkh wuhqg ixqfwlrqv/ dv
lw grhv lq +44,/ exw lw dovr ghshqgv rq wkh srvlwhg ydoxh ri wkh orfdol}lqj sdudphwhu
f wkdw lv xvhg lq wkh txdvl0glhuhqflqj1 D uhdvrqdeoh ghidxow fkrlfh ri f vhhpv wr eh
wkh ydoxh iru zklfk orfdo dv|pswrwlf srzhu +vhh Vhfwlrq 617 ehorz, lv 83( +vhh Nlqj/
4<;;/ dqg Hoolrw hw do1/ 4<<9,1
Wkh TG ghwuhqglqj surfhgxuh lqyroyhv wkh fkrlfh ri wkh suhvshflhg orfdo sdud0
phwhu f1 Wkhuh lv dqrwkhu zd| wr surfhhg wkdw grhv qrw dsshdu lq wkh olwhudwxuh wr
gdwh zklfk zh zloo qrz h{srvlw1 Li zh lqfrusrudwh wkh orfdo wr xqlw| k|srwkhvlv +4<,
lq prghov +4, dqg +5,/ zh rewdlq wkh iroorzlqj qrqolqhdu uhjuhvvlrq=
{ 
| 
|3
|3
.f
. %| =
+58,
|| @   {|  f 
q
q
Wklv qrqolqhdu uhjuhvvlrq surylghv iru mrlqw hvwlpdwlrq ri wkh orfdo sdudphwhu f dqg
wkh wuhqg frhflhqw = Li zh ghqrwh wkh qrqolqhdu hvwlpdwh ri  dqg f lq wkh deryh
f?, / ghqrwh wkh olplw ri q3*2 G? +h?,  , e|  dqg wkh olplw ri
uhjuhvvlrq e| h?, dqg h
h
f?, e| / wkhq wkh dv|pswrwlf ehkdylru ri wkhvh txdqwlwlhv lv jryhuqhg e| wkh iroorzlqj
htxdwlrqv=
3 U

U
[# +u,gE+u, . +f  , [# +u,MS +u,gu >
[# +u,[# +u, gu
3 U

U
U
 @ f . M S1 +u,2 gu
M S1 +u,gE+u,    M S1 +u,[S +u,gu >
 @

U

zkhuh
[# +u, @ j+u,  [+u,>
[S +u, @ j+u,  f[+u,>
M S1 +u, @ MS +u,    [+u,>
Uo
dqg G?3 {d?oo $ [+u,> qG?3 {d?oo $ j+u,> MS +u, @ f hEo3rS gE+v,= Wkhuh lv qr
gluhfw dqdo|wlf vroxwlrq wr wkhvh htxdwlrqv/ exw wkh htxdwlrqv ghwhuplqh +> , dqg
f?, > zklfk fdq eh irxqg e| qxphulfdo phwk0
wkhuhe| wkh olplw glvwulexwlrqv ri h?, dqg h
rgv1
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Dowkrxjk wkh orfdo sdudphwhu f fdq qrw eh frqvlvwhqwo| hvwlpdwhg ehfdxvh ri wkh
dv|pswrwlf froolqhdulw| ehwzhhq ||3 dqg {|3 lq wkh deryh qrqolqhdu uhjuhvvlrq/ wklv
uhjuhvvlrq zloo vwloo surylgh d pruh hflhqw hvwlpdwh ri wkh ghwhuplqlvwlf wuhqg +l1h1/
wkh sdudphwhu  , wkdq uhjuhvvlrqv zklfk gr qrw wdnh lqwr dffrxqw wkh sdudphwhu
uhvwulfwlrqv lq +58,1 Dfwxdoo|/ zkhq wkh x| duh Q+3> 2 , yduldwhv/ wklv qrqolqhdu uh0
juhvvlrq gholyhuv wkh pd{lpxp olnholkrrg hvwlpdwhv ri  dqg f iru prgho +4,/ +5, dqg
+4<,1 Wkh lpsuryhphqw lq hflhqf| iurp wklv mrlqw hvwlpdwlrq surfhgxuh kdv ehhq
frquphg e| wkh dxwkruv lq Prqwh Fduor h{shulphqwv/ zklfk zh gr qrw uhsruw khuh
gxh wr vsdfh frqvwudlqwv1 Ehfdxvh zh gr qrw nqrz wkh wuxh ydoxh ri wkh orfdo sdud0
phwhu f> wklv pd{lpxp olnholkrrg hvwlpdwh ri wkh ghwhuplqlvwlf wuhqg fdq qrw dfklhyh
wkh hflhqf| ohyho wkdw dssolhv zkhq wkh orfdo sdudphwhu lv nqrzq1 Qhyhuwkhohvv/ wkh
dssurdfk fhuwdlqo| vhhpv zruwk| ri xvh1



 L?| T|4@* Ait|

Lq wkh vlpsohvw iudphzrun zkhuh wkh prgho lv d Jdxvvldq DU+4, zlwk xqlw huuru
yduldqfh/ wkh Qh|pdq~Shduvrq ohppd fdq eh xvhg wr frqvwuxfw wkh prvw srzhuixo
whvw ri d xqlw urrw djdlqvw d vlpsoh srlqw dowhuqdwlyh1 Vxfk d whvw lv srlqw rswlpdo iru
d xqlw urrw dw wkh vshflf srlqw dowhuqdwlyh wkdw lv vhohfwhg1 Nlqj +4<;;, surylghv d
jhqhudo glvfxvvlrq ri vxfk srlqw rswlpdo lqyduldqw whvwv/ dqg Gxirxu dqg Nlqj +4<<4,
ghyhorshg wkh idplo| ri h{dfw prvw srzhuixo lqyduldqw whvwv1 Hoolrw hw do1 +4<<9, dsso|
wklv lghd lq wkh frqwh{w ri xqlw urrw whvwv e| xvlqj wkh orfdo dowhuqdwlyh +4<, iru d
sduwlfxodu ydoxh ri f @ f1
Li zh dvvxph x|  llgQ+3>  2 , lq +5,/ |fr @ 3> dqg  2 lv nqrzq/ wkhq wkh olnholkrrg
ixqfwlrq iru wkh dxwruhjuhvvlrq frhflhqw  lv sursruwlrqdo wr
[
+||r  ||r3 ,2 >
O+,   2 32
|

zkhuh ||r @ ||  k| 1 Li k| zhuh nqrzq/ wkhq wkh olnholkrrg ixqfwlrq frxog eh fdofx0
odwhg dqg d prvw srzhuixo whvw frxog eh frqvwuxfwhg gluhfwo| e| wkh Qh|pdq~Shduvrq
ohppd1 Krzhyhu/ dv glvfxvvhg lq Vhfwlrq 614/ k| lv qrw nqrzq dqg ||r kdv wr eh hvwl0
pdwhg1 Pruhryhu/ x| pd| eh d jhqhudo L+3, surfhvv dqg wkxv wkh olplw glvwulexwlrq
ri wkh srlqw rswlpdo whvw vwdwlvwlf ghshqgv lq jhqhudo rq qxlvdqfh sdudphwhuv1 Lq wklv
fdvh/ fruuhfwlrqv kdyh wr eh pdgh rq wkh ruljlqdo OU whvw vr wkdw wkh dgmxvwhg whvw
vwdwlvwlf lv iuhh ri qxlvdqfh sdudphwhuv1 Dv Gxirxu dqg Nlqj +4<<4, dqg Hoolrw hw do1
+4<<9, glvfxvv/ wkh srlqw rswlpdo lqyduldqw whvw +SRL, vwdwlvwlfv fdq eh frqvwuxfwhg
edvhg rq wkh udwlr ri wkh vxp ri vtxduhg uhvlgxdov iurp wkh hflhqw ghwuhqglqj uhjuhv0
vlrqv xqghu wkh qxoo dqg dowhuqdwlyh k|srwkhvlv1 Vshflfdoo|/ wdnlqj d orfdo dowhuqdwlyh
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 @ 4 . q3 f zlwk f @ f/ xvlqj txdvl0glhuhqflqj wr ghwuhqg/ dqg xvlqj d frqvlvwhqw
qrqsdudphwulf hvwlpdwh $
a 2 ri wkh qxlvdqfh sdudphwhu $ 2 / wkh SRL whvw vwdwlvwlf iru d
xqlw urrw lq +4, dqg +5, kdv wkh iroorzlqj irup=
q
r
[?
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 S7  fZ
 S7+4,>
a 32 f2 q32
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+59,
SS7 @ $
|'2

zkhuh wkh qrwdwlrq lv wkh vdph dv wkdw ghqhg deryh lq Vhfwlrq 6151 Wkh whvw lv
shuiruphg e| frpsdulqj wkh revhuyhg ydoxh ri wkh vwdwlvwlf zlwk wkh fulwlfdo ydoxh
rewdlqhg e| vlpxodwlrq1 Wkh suhvhqfh ri d xqlw urrw lq wkh gdwd lv uhmhfwhg li wkh
fdofxodwhg ydoxh ri wkh vwdwlvwlf SS7 lv wrr vpdoo1 Qrwh wkdw lq wkh frqvwuxfwlrq ri SS7/
wkh hvwlpdwh $
a 2 lv xvhg dqg wklv lv rewdlqhg lq wkh vdph zd| dv lq wkh ]| whvw/ l1h1/
xvlqj uhvlgxdov iurp wkh uhjuhvvlrq +9,1 Wklv srlqw lv ri vrph lpsruwdqfh dqg dhfwv
wkh frqvlvwhqf| ri wkh whvw  vhh Vhfwlrq 617 ehorz1
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Doo ri wkh deryh whvw vwdwlvwlfv duh dv|pswrwlfdoo| vlplodu lq wkh vhqvh wkdw wkhlu olplw
glvwulexwlrqv duh iuhh ri qxlvdqfh sdudphwhuv1 Krzhyhu/ wkh olplw glvwulexwlrqv gr
ghshqg rq zkhwkhu wkh gdwd kdv ehhq suhowhuhg lq dq| zd| e| suholplqdu| uhjuhvvlrq1
Wkxv/ li ghwhuplqlvwlf wuhqgv duh uhpryhg e| uhjuhvvlrq dv lq +9, ru +53,/ wkhq wkh
olplw glvwulexwlrqv ri wkh xqlw urrw whvw vwdwlvwlfv ghshqg rq olplwlqj yhuvlrqv ri wkh
ghwhuplqlvwlf wuhqgv wkdw duh xvhg lq wkh ghwuhqglqj uhjuhvvlrqv1
Wkh whvwv duh dovr frqvlvwhqw djdlqvw vwdwlrqdu| dowhuqdwlyhv surylghg wkdw dq|
qrqsdudphwulf hvwlpdwru ri $2 wkdw lv xvhg lq wkh whvw frqyhujhv lq suredelolw| xqghu
wkh dowhuqdwlyh wr d srvlwlyh olplw dv q $ 41 Wkh odwwhu frqglwlrq lv lpsruwdqw/
dqg lw w|slfdoo| idlov zkhq hvwlpdwhv ri $ 2 duh frqvwuxfwhg xvlqj uvw glhuhqfhv ru
txdvl0glhuhqfhv ri wkh gdwd udwkhu wkdq uhjuhvvlrq uhvlgxdov1 Wklv lv ehfdxvh/ xqghu
wkh dowhuqdwlyh k|srwkhvlv/ wkh gdwd duh vwdwlrqdu| dqg uvw glhuhqfhv +ru txdvl0
glhuhqfhv, ri vwdwlrqdu| gdwd kdyh }hur vshfwuxp dw wkh ruljlq1 +Vhh Skloolsv dqg
Rxoldulv/ 4<<3/ iru ixuwkhu glvfxvvlrq ri wklv lvvxh1, Wkh srlqw lv hvshfldoo| lpsruwdqw
zkhq cghwuhqglqj diwhu txdvl0glhuhqflqj* lv xvhg/ dv rxwolqhg lq Vhfwlrq 615 deryh/
dv lq wklv fdvh wkhuh lv d qdwxudo whqghqf| wr hvwlpdwh $ 2 iurp wkh uhvlgxdov ri wklv
uhjuhvvlrq1 Lq hhfw/ zkloh dq hflhqw uhjuhvvlrq lq txdvl0glhuhqfhv pd| eh uxq
wr ghwuhqg wkh gdwd/ dq lqhflhqw uhjuhvvlrq vxfk dv +9,/ zkhuh wkh dxwruhjuhvvlyh
frhflhqw lv hvwlpdwhg/ pxvw eh uxq wr hvwlpdwh wkh orqj0uxq yduldqfh sdudphwhu $ 2 1
Wkxv/ vrph fduh lv qhhghg lq wkh irupxodwlrq ri whvwv wkdw uho| rq qrqsdudphwulf
hvwlpdwhv ri $ 2 1 Wkh sureohp dovr dulvhv lq fhuwdlq sdudphwulf xqlw urrw whvwv zkhq
qxlvdqfh sdudphwhuv duh hvwlpdwhg xvlqj uvw glhuhqfhg gdwd +dv lq wkh fdvh ri Vror*v/
4<;7/ OP whvw  vhh Vdlnrqqhq/ 4<<6,1
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Udwhv ri glyhujhqfh ri wkh vwdwlvwlfv xqghu wkh dowhuqdwlyh duh dovr dydlodeoh1 Iru
lqvwdqfh/ zkhq mm ? 4/ ]k > ]k > DGIk > Y Q @ RR +q,> dqg ]| > DGI| @ RR +q*2 ,
dv q $ 41 Wkxv/ frhflhqw0edvhg whvwv wkdw uho| rq wkh hvwlpdwhg dxwruhjuhvvlyh
frhflhqw dqg wkh yrq Qhxpdqq udwlr2OP whvwv glyhujh dw d idvwhu udwh wkdq whvwv wkdw
duh edvhg rq wkh uhjuhvvlrq w0udwlr1 Zh pd| wkhuhiruh h{shfw vxfk whvwv wr kdyh juhdwhu
srzhu wkdq w0udwlr whvwv/ dqg wklv lv jhqhudoo| eruqh rxw lq vlpxodwlrqv1 Khxulvwlfdoo|/
wkh w0udwlr whvwv vxhu ehfdxvh wkhuh lv qr qhhg wr hvwlpdwh d vfdoh sdudphwhu zkhq
hvwlpdwlqj wkh dxwruhjuhvvlyh frhflhqw 1 Wkh dxwruhjuhvvlyh hvwlpdwruv 
a > dqg 
>
2
rq wkh rwkhu kdqg/ duh douhdg| vfdoh lqyduldqw1 Qrwh dovr wkdw zkloh DGI| @ RR +q,
dqg wkhuhiruh kdv wkh vdph glyhujhqfh fkdudfwhulvwlfv dv ]k > ]k > DGIk > dqg Y Q> wkh
vwdwlvwlf DGI|2 surgxfhv d qrqgluhfwlrqdo whvw/ zkhuhdv wkh frhflhqw0edvhg whvwv duh
gluhfwlrqdo +djdlqvw vwdwlrqdulw|/ ru h{sorvlyh ehkdylru,1
Xqghu wkh orfdo dowhuqdwlyh k|srwkhvlv +4<,/ wkh olplw wkhru| iru wkh deryh vwd0
wlvwlfv fdq eh ghulyhg dqg xvhg wr dqdo|}h orfdo dv|pswrwlf srzhu1 Zkhq +5, dqg
+4<, krog/ |r ehkdyhv dv|pswrwlfdoo| olnh d olqhdu glxvlrq/ l1h1/ q3*2 |dr?oo , MS +u, @
U o Eo3rS |
h
gZ +v, +vhh Skloolsv/ 4<;:e,1 Wkh olplw glvwulexwlrqv ri wkh xqlw urrw whvw
f
vwdwlvwlfv wkhq lqyroyh ixqfwlrqdov ri MS +u,1 Iru h{dpsoh/ wkh ]k vwdwlvwlf kdv wkh
olplw
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zkhuh MSf +u, @ MS +u,  f MS [ 
[[
[+u,= Wklv olplw lv lghqwlfdo wr wkdw
f
ri wkh Glfnh|~Ixoohu whvw wkdw lv edvhg gluhfwo| rq wkh frhflhqw hvwlpdwru q+a
  4,
zkhq x| kdv qr vhuldo fruuhodwlrq dqg qr fruuhfwlrqv duh uhtxluhg wr pdnh wkh vwdwlvwlf
dv|pswrwlfdoo| vlplodu1 Wkxv/ wkh fruuhfwlrqv iru uhvlgxdo vhuldo fruuhodwlrq lq wkh
vwdwlvwlf ]k gr qrw ohdg wr dq| orvv lq dv|pswrwlf srzhu1
Wkh orfdo dv|pswrwlf wkhru| fdq eh xvhg wr frqvwuxfw dv|pswrwlf srzhu hqyhorshv
iru xqlw urrw whvwv1 Xqghu wkh k|srwkhvlv wkdw wkh gdwd lv Jdxvvldq/ wkh ehvw whvw ri
d xqlw urrw djdlqvw wkh vshflf orfdo dowhuqdwlyh zlwk f @ f lv jlyhq e| wkh srlqw
rswlpdo whvw e| yluwxh ri wkh Qh|pdq~Shduvrq ohppd1 Zkhq hflhqw ghwuhqglqj
xqghu wklv dowhuqdwlyh lv xvhg/ wkh uhvxowlqj whvw vwdwlvwlf lv SS7 dv jlyhq lq +59,1 Wkh
olplw glvwulexwlrq ri wklv vwdwlvwlf xqghu wkh vshflf orfdo dowhuqdwlyh f @ f lv
SS7 , f2
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f
sdudphwhu f/ wklv glvwulexwlrq gholyhuv d srzhu hqyhorsh djdlqvw zklfk rwkhu whvwv
pd| eh frpsduhg1 Qrwh wkdw wkh olplw jlyhq lq +5;, lv dwwdlqdeoh e| wkh SRL whvw
+59, rqo| zkhq f @ f h{dfwo|1 Lq jhqhudo/ wkh fkrvhq ydoxh ri f wkdw lv xvhg lq wkh TG
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ghwuhqglqj surfhgxuh rq zklfk +59, lv edvhg zloo eh glhuhqw/ dqg khqfh wkh srzhu
ri wkh SRL whvw zloo jhqhudoo| eh ohvv wkdq wkdw gholyhuhg e| +5;,1 Lq wkh vshfldo fdvh
ri d olqhdu whqg/ frpsxwdwlrqv lq Vwrfn +4<<8, lqglfdwh wkdw wkh SRL whvw +59, kdv
srzhu wkdw lv yhu| forvh wr wkh srzhu hqyhorsh iru d zlgh udqjh ri orfdo dowhuqdwlyhv1
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Wzr ixuwkhu lvvxhv uhodwlqj wr wkh vl}h dqg srzhu ri xqlw urrw whvwv ghvhuyh dwwhqwlrq1
Wkh uvw ri wkhvh dulvhv iurp vrph uhfhqw zrun ri Skloolsv +4<<;d/ e, vkrzlqj wkdw
qrqvwdwlrqdu| wlph vhulhv dgplw pdq| glhuhqw uhsuhvhqwdwlrqv1 Wkh prvw reylrxv
uhsuhvhqwdwlrq frphv gluhfwo| iurp wkh prgho irupxodwlrq +5, lwvhoi1 Krzhyhu/ Skloolsv
+4<<;d, vkrzv wkdw wkhuh duh ydolg dowhuqdwlyh uhsuhvhqwdwlrqv lq whupv ri ghwhuplqlvwlf
ixqfwlrqv1 Wkhvh uhsuhvhqwdwlrqv ruljlqdwh lq wkh fruuhvsrqglqj uhsuhvhqwdwlrq ri wkh

olplwlqj Eurzqldq prwlrq iru zklfk q3 2 |dr?oo , E +u, = Lqghhg/ iru E +u, zh kdyh wkh
iroorzlqj O2 0uhsuhvhqwdwlrq
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zkhuh wkh frpsrqhqwv & duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg +llg, dv Q+3> 4,
dqg wkh ixqfwlrqv *& +u, irup dq ruwkrjrqdo vhw lq O2 ^3> 4` = Skloolsv vkrzv wkdw hp0
  
 
dffxudwho| uhsurgxfh lq wkh
slulfdo uhjuhvvlrqv ri ||r rq *gc| @ * A| > ===> *g A|
olplw wkh uvw N whupv ri wkh h{sdqvlrq +5<,1 Ixuwkhu/ zkhq N $ 4 dqg N@W $ 3
dv W $ 4> vxfk uhjuhvvlrqv vxffhhg lq uhsurgxflqj wkh hqwluh uhsuhvhqwdwlrq +5<,1 Lw
iroorzv wkdw wkhvh ghwhuplqlvwlf ixqfwlrqv duh fdsdeoh ri vxffhvvixoo| uhsuhvhqwlqj d
qrqvwdwlrqdu| wlph vhulhv olnh ||r lq wkh olplw dv W $ 4= Vxfk uhjuhvvlrqv rq ghwhu0
plqlvwlf ixqfwlrqv wkhq ehfrph dq dowhuqdwh zd| ri prghoolqj d qrqvwdwlrqdu| wlph
vhulhv1 D idvflqdwlqj lpsolfdwlrq ri wklv zrun lv wkdw xqlw urrw whvwv zklfk lqyroyh
ghwhuplqlvwlf ixqfwlrqv/ olnh +4, deryh/ zloo lqhylwdeo| ohdg wr wkh uhmhfwlrq ri wkh xqlw
urrw k|srwkhvlv zkhq N> W $ 4> dqg lq wklv vhqvh wkh frqyhqwlrqdo fulwlfdo ydoxhv
xvhg lq xqlw urrw whvwv +olnh wkrvh edvhg rq wkh olplw ixqfwlrqdov +44, dqg +45,, duh
lqydolg dv|pswrwlfdoo| zkhq wkh frpshwlqj ghwhuplqlvwlf ixqfwlrqv wkdw dsshdu lq
wkh pdlqwdlqhg k|srwkhvlv surylgh dq dowhuqdwlyh phfkdqlvp ri prghoolqj wkh qrq0
vwdwlrqdulw|/ dv lq fdvhv olnh sro|qrpldo wuhqgv dqg wuhqg euhdn sro|qrpldov wkh| zloo1
Wkhvh lvvxhv duh ixuwkhu h{soruhg lq rqjrlqj uhvhdufk lq Skloolsv +4<<;e,1 Lw lv wrr
hduo| wr frpphqw rq wkh ixoo lpsolfdwlrqv ri wklv zrun/ exw wkh uhvxowv duh ri reyl0
rxv lpsruwdqfh lq wkh hpslulfdo dvvhvvphqw ri wuhqg2wuhqg0euhdn vwdwlrqdulw| yhuvxv
shuvlvwhqfh lq hfrqrplf wlph vhulhv1
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Wkh vhfrqg lvvxh hphujhv iurp vrph uhfhqw zrun e| Idxvw +4<<9,1 Idxvw srlqwhg
rxw wkdw zkloh xqlw urrw whvwv olnh wkh ]k > ]| > dqg DGI| whvwv kdyh olplw glvwulexwlrqv
xqghu wkh qxoo wkdw duh lqyduldqw wr wkh qxlvdqfh sdudphwhuv 2 > $2 dqg > wkh qrq0
sdudphwulf qdwxuh ri wkh pdlqwdlqhg k|srwkhvlv fdq fdxvh glfxowlhv1 Lq sduwlfxodu/
wkh nh| frqglwlrq wkdw xqghuolhv wkh xqlw urrw qxoo k|srwkhvlv lq +5, lv wkdw F +4, 9@ 3=
Lq idfw/ xvlqj wkh EQ h{sdqvlrq ri wkh rshudwru F +O,/ zh kdyh/ dv lq +8, deryh
x| @ F+4,%| . %h|3  %h| >

h
zlwk %h| @ F+O,%
|=

+63,

Lw iroorzv wkdw li F+4, @ 3> wkhq ||r @ h
%| > zklfk lv vwdwlrqdu|1 Ri frxuvh/ lq wkh
r
L+4, fodvv iru || wkhuh zloo eh vrph huuru surfhvvhv x| vdwlvi|lqj +6, iru zklfk F+4, lv
duelwudulo| forvh wr }hur1 Lqghhg/ Idxvw vkrzv iru dq| uhdo d/ wkh vhw ri vhtxhqfhv
F@ @ if @ +f ,"
= f @ 3 iru doo exw d qlwh qxpehu ri m> F+4, @ dj

lv ghqvh lq o2 > wkh vsdfh ri vtxduh vxppdeoh vhtxhqfhv1 Lw iroorzv wkdw jlyhq d vhtxhqfh
ri frhflhqwv lq wkh Zrog uhsuhvhqwdwlrq ri x| iru zklfk F +4, @ d 9@ 3>
f @ +f ,"

wkdw lv duelwudulo| forvh wr f lq o2 exw iru zklfk F  +4, @
wkhuh lv d vhtxhqfh f @ +f ,"

S" 
 'f f @ 3= Idxvw frqfoxghv wkdw wkh L+4, vhtxhqfhv/ iru zklfk F+4, 9@ 3/ dqg wkh
L+3, vhtxhqfhv/ iru zklfk F+4, @ 3> duh erwk ghqvh lq o2 > dqg khqfh wkhvh fodvvhv
ri surfhvvhv duh qhduo| revhuydwlrqdoo| htxlydohqw1 +Fdpsehoo dqg Shuurq/ 4<<4/ dqg
Eorxjk/ 4<<5/ dovr lqglfdwhg wkdw wklv surshuw| pd| dhfw xqlw urrw whvwv1, Rqh
lpsolfdwlrq ri wklv qhdu revhuydwlrqdo htxlydohqfh/ lv wkdw wkh vl}h ri vhpl0sdudphwulf
xqlw urrw whvwv zloo qrw frqyhujh wr wkh qrplqdo vl}h jlyhq e| wkh olplw glvwulexwlrq/ dw
ohdvw zkhq wkh vl}h lv frpsxwhg e| wdnlqj wkh vxsuhpxp ri wkh uhmhfwlrq suredelolw|
ri wkh xqlw urrw whvw ryhu wkh vhw J# @ if 5 F@ = mF+4,m A  A 3j iru dq| = +Lq idfw/
Idxvw vkrzv wkdw wkh dfwxdo vl}h ri wkh whvw frqyhujhv wr xqlw|,1 Lq ylhz ri +63,/ wkh
uhvwulfwlrq  A 3 zrxog qrupdoo| eh lqwhusuhwhg dv vhwwlqj xs d exhu }rqh ehwzhhq
wkh fodvv ri L+4, dqg L+3, surfhvvhv1 Idxvw*v uhvxow vkrzv wkdw hyhq wklv exhu }rqh
grhv qrw suhyhqw vl}h glvwruwlrqv lq d jhqhudo hqrxjk qrqsdudphwulf vhwwlqj iru wkh
huuru surfhvv1
Wkh uhdvrq iru wkh vl}h glvwruwlrq lv wkdw wkh qrqsdudphwulf +frpsrvlwh, irup ri
wkh qxoo k|srwkhvlv lv wrr eurdg dv lw vwdqgv1 Dv lv dssduhqw iurp +63,/ wkh huuru
wkdw duh
surfhvvhv wkdw ohdg wr wkh vl}h glvwruwlrq lqyroyh vhtxhqfhv olnh f  @ +f ,"

duelwudulo| forvh lq o2 wr d qxoo vhtxhqfh f +iru zklfk F+4, 9@ 3, exw zklfk kdyh
S


r
F  +4, @ "
 'f f @ 3= Krzhyhu/ iru wkhvh vhtxhqfhv f wr surgxfh gdwd || wkdw kdyh
h  +O,%| lq wkh EQ ghfrpsrvlwlrq ri
L+4,0olnh surshuwlhv/ wkh vhfrqg frpsrqhqw %h| @ F
x| @ F  +O3%| @ F  +4,%| . %h|3  %h|
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pxvw dovr kdyh L+4,0olnh surshuwlhv1 Lw lv/ lq idfw/ txlwh hdv| wr h{foxgh wklv srvvlelolw|
e| sodflqj d vprrwkqhvv uhtxluhphqw rq vshfwuxp ri %h| = Wklv fdq eh dffrpsolvkhg e|
d vxppdelolw| frqglwlrq rq wkh doorzdeoh vhtxhqfhv ih
f j> zklfk lv lq wxuq dvvxuhg e| d
vxppdelolw| frqglwlrq rq wkh ruljlqdo vhtxhqfh f  = Lw wxuqv rxw wkdw d vwuhqjwkhqlqj
ri wkh vxppdelolw| frqglwlrq xvhg lq Skloolsv dqg Vror +4<<5, wr ydolgdwh wkh EQ
ghfrpsrvlwlrq lv vxflhqw wr uxoh rxw wkh sdwkrorj| ri L+3, vhtxhqfhv zlwk qhdu L+4,
ehkdylru11

e

6?|i 5@4T*i hLTih|it Lu N?| +LL| Ait|t

H{whqvlyh vlpxodwlrqv kdyh ehhq frqgxfwhg wr h{soruh wkh qlwh vdpsoh shuirupdqfh
ri xqlw urrw whvwv +lqwhu dold/ Vfkzhuw/ 4<;<> Glherog dqg Uxghexvfk/ 4<<4> GhMrqj
hw do1/ 4<<5> Skloolsv dqg Shuurq/ 4<;;> Qj dqg Shuurq/ 4<<6> dqg Vwrfn/ 4<<8,1 Rqh
jhqhudo frqfoxvlrq wr hphujh lv wkdw/ dowkrxjk glhuhqfhv h{lvw dfurvv whvwv dqg wkhvh
ghshqg rq wkh prghov jhqhudwlqj wkh gdwd/ wkh glvfulplqdwru| srzhu lq doo ri wkh
whvwv ehwzhhq prghov zlwk d urrw dw xqlw| dqg d urrw forvh wr xqlw| lv jhqhudoo| orz1
Iru lqvwdqfh/ srzhu lv xvxdoo| ohvv wkdq 63( iru  5 ^3=<3> 4=3, dqg q @ 4331 Srzhu lv
uhgxfhg ixuwkhu e| ghwuhqglqj wkh gdwd  hyhq odujhu ydoxhv ri wkh whvw vwdwlvwlfv duh
uhtxluhg wr dfklhyh d uhmhfwlrq ri wkh qxoo dqg wkh srzhu fxuyh lv orzhu1 Erwk wkhvh
ihdwxuhv pluuru wkh dv|pswrwlf wkhru|1 Krzhyhu/ dv wkh glvfxvvlrq lq wkh suhylrxv
vhfwlrq lqglfdwhv/ vrph ri wkh revhuyhg srzhu uhgxfwlrq lv vsxulrxv/ ehfdxvh wkh
fulwlfdo ydoxhv ri wkh whvwv duh lqdssursuldwh zkhq h{whqvlyh ghwhuplqlvwlf ghwuhqglqj
lv grqh sulru wr whvwlqj iru xqlw urrwv1
Dqrwkhu lqwhuhvwlqj qglqj iurp vlpxodwlrq vwxglhv lv wkh h{whqw ri wkh qlwh
vdpsoh vl}h glvwruwlrq +wkh glhuhqfh ehwzhhq wkh qrplqdo dv|pswrwlf vl}h ri wkh whvw
dqg wkh dfwxdo qlwh vdpsoh vl}h, ri wkh whvwv lq fdvhv zkhuh wkh wuxh prgho lv forvh
wr d wuhqg vwdwlrqdu| surfhvv +Vfkzhuw 4<;<,1 Iru h{dpsoh/ li x| lq +5, iroorzv d
prylqj dyhudjh surfhvv x| @ %| . %|3 zkrvh sdudphwhu lv odujh dqg qhjdwlyh/ wkhq
wkh vdpsoh wudmhfwrulhv ri ||r pruh forvho| uhvhpeoh wkrvh ri d vwdwlrqdu| surfhvv wkdq
d udqgrp zdon1 Lq vxfk fdvhv wkhuh lv d whqghqf| iru doo ri wkh whvwv wr ryhu0uhmhfw
wkh qxoo ri d xqlw urrw1 Wklv lv dq rxwfrph wkdw pd| qrw eh vr vhulrxv lq sudfwlfdo
zrun li wkh gdwd duh lqghhg ehwwhu prghohg e| d wuhqg vwdwlrqdu| surfhvv/ dqg vr lw
lv hdv| wr ryhuvwdwh wkh lpsruwdqfh ri vl}h glvwruwlrqv lq vxfk fdvhv1
Whvwv wkdw duh edvhg gluhfwo| rq dxwruhjuhvvlyh frhflhqw hvwlpdwhv olnh wkh ]k
whqg wr eh pruh dhfwhg e| vl}h glvwruwlrq wkdq wkh rwkhu whvwv ehfdxvh wkh eldv lq
wkh uvw rughu dxwruhjuhvvlyh hvwlpdwru lv odujh lq wklv fdvh/ qrw rqo| lq qlwh vdpsohv
exw hyhq lq wkh dv|pswrwlf glvwulexwlrq +<,/ zkhuh wkh plvfhqwhulqj lv phdvxuhg e|
4:

wkh eldv sdudphwhu  @ 02 1 Wklv lv odujh zkhq  lv odujh/ dqg jrrg hvwlpdwhv ri wkh
eldv sdudphwhu duh qhhghg wr frqwuro wkh vl}h glvwruwlrq1 Wkh rqh vlghg fryduldqfh
sdudphwhu  lv xvxdoo| hvwlpdwhg lq d qrqsdudphwulf zd| e| nhuqho phwkrgv zklfk
riwhq jlyh frqghqfh lqwhuydov zlwk orz fryhudjh suredelolwlhv/ hvshfldoo| zkhq wkh
wlph vhulhv kdv vxevwdqwldo whpsrudo ghshqghqfh1 Wkh sdudphwhu lv dovr hvwlpdwhg
s
dw d vorzhu udwh wkdq q/ dqg lw lv wkhuhiruh riwhq glfxow wr hvwlpdwh zhoo zlwk
vdpsohv ri wkh vl}h wkdw duh w|slfdo lq pdq| hfrqrphwulf dssolfdwlrqv +zlwk q  533,1
Vlplodu frpphqwv dsso| wr wkh hvwlpdwlrq ri wkh orqj uxq yduldqfh sdudphwhu $ 2 /
zklfk dsshduv lq wkh rwkhu vhpl0sdudphwulf whvwv1
Uhfhqw dwwhpswv wr lpsuryh wkh hvwlpdwlrq ri wklv sdudphwhu xvlqj gdwd0ghwhuplqhg
edqgzlgwk fkrlfhv +Dqguhzv/ 4<<4, frxsohg zlwk suhzklwhqlqj +Dqguhzv ) Prqd0
kdq/ 4<<5,/ dqg gdwd0edvhg prgho vhohfwlrq dqg suhzklwhqlqj +Ohh ) Skloolsv/ 4<<7,
rhu vrph surplvh lq wklv gluhfwlrq/ dv grhv suhwhvwlqj iru odj ohqjwk lq DGI uhjuhv0
vlrqv +Qj dqg Shuurq 4<<;,1 Lq sduwlfxodu/ suhzklwhqlqj lv vkrzq wr eulqj ehwwhu
dffxudf| dqg ohvv yduldqfh wr nhuqho hvwlpdwruv1 Wkh lghd ehklqg suhzklwhqlqj lv wr
wudqvirup wkh gdwd wr uhgxfh whpsrudo ghshqghqfh ehiruh dsso|lqj nhuqho hvwlpdwlrq1
Wkh wudqviruphg gdwd w|slfdoo| kdyh d dwwhu vshfwuxp zklfk fdq eh hvwlpdwhg zlwk
ohvv eldv wkdq wkh ruljlqdo vshfwuxp1 Wkh nhuqho ghqvlw| hvwlpdwru iru wkh ruljlqdo
gdwd fdq wkhq eh rewdlqhg e| dsso|lqj wkh lqyhuvh wudqvirupdwlrq1 Dqguhzv dqg
Prqdkdq +4<<5, lqwurgxfhg d fodvv ri YDU suhzklwhqhg nhuqho hvwlpdwruv1 Lq wkh
vfdodu fdvh/ Ohh dqg Skloolsv +4<<7, h{whqg wklv lghd e| hpsor|lqj prgho vhohfwlrq
whfkqltxhv lq wkh suhzklwhqlqj vwdjh dqg lpsohphqw wkh Kdqqdq~Ulvvdqhq uhfxuvlrq
wr hflhqwo| hvwlpdwh dq DUPD prgho suhowhu sulru wr hvwlpdwlqj wkh orqj uxq
s
yduldqfh $ 2 e| nhuqho whfkqltxhv1 Lw lv vkrzq wkdw/ zlwk wklv phwkrg/ q0udwhv ri
hvwlpdwlrq duh dfklhydeoh zlwk qrqsdudphwulf hvwlpdwhv zkhq frqvlvwhqw prgho vhohf0
wlrq whfkqltxhv duh xvhg wr ghwhuplqh wkh suhowhu dqg wkh prgho iru wkh huuruv olhv
zlwklq wkh suhowhulqj fodvv +lq wklv fdvh wkh fodvv ri qlwh sdudphwhu DUPD prghov,1
Wkh sdudphwulf DGI w0udwlr whvw lv ohvv dhfwhg e| vl}h glvwruwlrqv zkhq wkh wuxh
prgho lv forvh wr vwdwlrqdulw|/ exw jhqhudoo| kdv ohvv srzhu wkdq wkh rwkhu whvwv1 Dv
vkrzq e| vlpxodwlrq h{shulphqwv/ wkh frhflhqw0edvhg whvwv dqg YQ udwlr whvwv w|s0
lfdoo| kdyh ehwwhu srzhu surshuwlhv wkdq wkh DGI w0udwlr whvw1 Dowkrxjk rq wkhruhwlf
jurxqgv lw lv nqrzq wkdw wkh odj ohqjwk ri wkh DGI uhjuhvvlrq fdq jurz dw d udwh
r+q* ,> qrw pxfk lqirupdwlrq lv surylghg lq wklv udwh fulwhulrq derxw odj ohqjwk vh0
ohfwlrq iru vshflf vdpsoh vl}hv1 Zlwk wkhvh whvwv/ srzhu lv ixuwkhu uhgxfhg e| wkh
lqfoxvlrq ri dgglwlrqdo odjjhg ghshqghqw uhjuhvvruv lq +46,1 Lw kdv ehhq irxqg lq
pdq| Prqwh Fduor vwxglhv wkdw odj ohqjwk vhohfwlrq kdv lpsruwdqw hhfwv rq wkh 0
qlwh vdpsoh shuirupdqfh ri DGI whvwv1 GhMrqj hw do1 +4<<5, vkrz lq wkhlu vlpxodwlrq
4;

uhvxowv wkdw lqfuhdvlqj wkh odj ohqjwk w|slfdoo| orzhuv wkh srzhu lq d v|vwhpdwlf zd|/
dowkrxjk lw pd| dovr uhgxfh vl}h glvwruwlrq1 Djdlq/ wkh xvh ri prgho vhohfwlrq phwk0
rgv olnh ELF +Vfkzdu}/ 4<:;> Ulvvdqhq/ 4<:;, duh xvhixo lq wklv uhvshfw dqg surylgh
vrph lpsuryhphqw lq wkh qlwh vdpsoh shuirupdqfh ri wkh DGI whvwv1 Qj dqg Shuurq
+4<<8/ 4<<;, vwxglhg wkh fkrlfh ri odj ohqjwk lq frqvwuxfwlqj wkh DGI w0whvw dqg frp0
sduhg lqirupdwlrq0edvhg prgho vhohfwlrq uxohv/ vxfk dv ELF dqg DLF +Dndlnh/ 4<:7,/
zlwk fodvvlfdo vhtxhqwldo whvwv lq ghwhuplqlqj odj ohqjwk/ vxfk dv I  dqg wwhvwv iru
wkh vljqlfdqfh ri wkh odj frhflhqwv1 Wkh| vkrz wkdw gdwd0ghshqghqw uxohv zklfk
wdnh vdpsoh lqirupdwlrq lqwr dffrxqw kdyh ehqhfldo hhfwv rq wkh qlwh vdpsoh shu0
irupdqfh ri xqlw urrw whvwv1
Vlqfh ghwuhqglqj wkh gdwd uhgxfhv srzhu/ lw lv wr eh h{shfwhg wkdw wkh lqfoxvlrq
ri vxusoxv wuhqg yduldeohv lq uhjuhvvlrqv olnh +9, zloo gr vr dovr1 Khqfh/ hflhqw
ghwuhqglqj surfhgxuhv olnh wkrvh glvfxvvhg lq Vhfwlrq 615 fdq eh h{shfwhg wr ehqhw
doo whvwv/ dqg wklv lv sduwo| frquphg e| vlpxodwlrqv lq Vwrfn +4<<8,1 Ri doo wkh
surfhgxuhv vwxglhg vr idu/ hflhqw ghwuhqglqj e| uhjuhvvlrq lq txdvl0glhuhqfhv vhhpv
wr eh wkh prvw vxffhvvixo lq lqfuhdvlqj qlwh vdpsoh +dqg dv|pswrwlf, srzhu1
Zh surylgh vrph Prqwh Fduor uhvxowv khuh/ sduwldoo| looxvwudwlqj wkh qglqjv lq
h{lvwlqj vlpxodwlrq vwxglhv/ zlwk dq hpskdvlv rq vwxg|lqj wkh hhfw ri wkh surfh0
gxuhv phqwlrqhg deryh rq wkh qlwh vdpsoh shuirupdqfh ri frpprq xqlw urrw whvwv1
Lq sduwlfxodu/ zh h{dplqh wkh hhfw ri prgho vhohfwlrq surfhgxuhv/ edqgzlgwk vhohf0
wlrq phwkrgv/ suhzklwhqlqj dqg ghwuhqglqj surfhgxuhv rq wkh qlwh vdpsoh srzhu
ri wkh iroorzlqj xqlw urrw whvwv= DGIk > DGI| > ]k > ]| whvwv frpelqhg zlwk ydulrxv
ghwuhqglqj surfhgxuhv> dqg Y Q dqg S RL whvwv1 Iru wkh DGI whvwv/ wkh ELF fulwh0
ulrq ri Vfkzdu} +4<:;, dqg Ulvvdqhq +4<:;, lv xvhg lq vhohfwlqj wkh dssursuldwh odj
ohqjwk ri wkh dxwruhjuhvvlrq dqg wkh DU vshfwudo hvwlpdwru ri Ehun +4<:7, lv xvhg
iru wkh hvwlpdwlrq ri wkh orqj uxq yduldqfh sdudphwhu1 Wkxv/ lq wklv Prqwh Fduor
h{shulphqw/ wkh DGI whvwv duh doo sdudphwulf1 Iru wkh ] whvwv/ wkh Dqguhzv dqg
Prqdkdq suhzklwhqhg nhuqho hvwlpdwlrq ri wkh orqj uxq yduldqfh sdudphwhu lv xvhg1
Dowkrxjk frpsdulvrq kdv ehhq pdgh iru glhuhqw nhuqho fkrlfhv/ rqo| wkrvh uhvxowv
xvlqj wkh Sdu}hq nhuqho ixqfwlrq duh uhsruwhg ehfdxvh qr xqdpeljxrxv udqnlqj frxog
eh irxqg dprqj glhuhqw nhuqhov1 Vl}h0fruuhfwhg srzhu lv uhsruwhg lq wkh vlpxodwlrqv
wr surylgh d frpsdulvrq dprqj wkh glhuhqw whvwv/ dowkrxjk lw grhv qrw uhhfw hp0
slulfdo uhmhfwlrq iuhtxhqflhv edvhg rq wkh xvh ri dv|pswrwlf fulwlfdo ydoxhv1 Wkh qlwh
vdpsoh fulwlfdo ydoxhv duh fdofxodwhg dv txdqwlohv lq wkh vlpxodwlrqv xqghu wkh qxoo
k|srwkhvlv ri d xqlw urrw/ jlyhq wkh prgho vhohfwlrq uxohv dqg nhuqho fkrlfhv1
Wkh vlpxodwlrq uhvxowv vxjjhvw vrph jhqhudo qglqjv1 Iluvw/ xvlqj gdwd0edvhg
edqgzlgwk fkrlfh frxsohg zlwk suhzklwhqlqj surfhgxuhv lq wkh hvwlpdwlrq ri qxl0
4<

vdqfh sdudphwhuv vljqlfdqwo| lpsuryhv wkh qlwh vdpsoh shuirupdqfh ri wkh ] whvwv1
Vhfrqg/ wkh xvh ri prgho vhohfwlrq surfhgxuhv olnh ELF lq fkrrvlqj odj ohqjwk khosv
wr lpsuryh wkh DGI whvwv1 Wklug/ xqlw urrw whvwv edvhg rq TG ghwuhqglqj kdyh uhd0
vrqdeo| jrrg qlwh vdpsoh surshuwlhv/ hvshfldoo| lq wkh fdvh zkhuh wkh ghwhuplqlvwlf
wuhqg lqfoxghv d frqvwdqw whup1
Wdeoh D uhsruwv wkh vl}h0fruuhfwhg srzhu ri DGI dqg ] whvwv iru wkh fdvh zlwkrxw
ghwhuplqlvwlf wuhqgv1 Irxu ghvljqv iru wkh gdwd jhqhudwlqj surfhvv duh frqvlghuhg khuh1
Lq hdfk fdvh/ || @ ||r > ||r @ ||r3 . x| > dqg lqlwldo ydoxhv duh vhw wr eh 31 Wkh irxu
glhuhqw huuru vwuxfwxuhv duh= dq DU+4, surfhvv x| @ x|3 . %| > zlwk  @ 3=8> 3=8>
dqg dq PD+4, surfhvv x| @ %|  %|3 > zlwk  @ 3=8> 3=;> zkhuh %| duh llg vwdqgdug
qrupdo yduldwhv1 Iru wkh fdvh zlwk d ghwhuplqlvwlf wuhqg/ wkh vl}h fruuhfwhg srzhu
surshuwlhv duh uhsruwhg lq Iljxuhv 4 wr 431 Iljxuh 4 ghslfwv wkh srzhu ri irxu +ROV
ghwuhqghg, xqlw urrw whvwv +]k > ]| > DGIk > DGI| , zkhq wkh huuru surfhvv lv DU+4,
zlwk  @ 3=8> dqg Iljxuh 5 uhsruwv wkh uhvxowv iru wkhvh whvwv zkhq x| lv PD+4,
surfhvv zlwk  @ 3=8= Iljxuhv 6 dqg 7 frpsduh glhuhqw whvwv edvhg rq wkh vdph
ghwuhqglqj surfhgxuhv/ dqg Iljxuhv 8 wr ; frpsduh wkh hhfwv ri glhuhqw ghwuhqglqj
surfhgxuhv rq wkh vdph whvwv1 Doo wkhvh h{shulphqwv vwxg| wkh fdvh zkhuh x| lv
dq llg vwdqgdug qrupdo surfhvv1 Vshflfdoo|/ srzhu frpsdulvrqv dprqj yh whvwv
+]k > ]| > DGIk > DGI| dqg Y Q, duh jlyhq lq Iljxuh 61 Wkh srzhu hqyhorsh lv dovr
surylghg lq wkh judsk iru frqyhqlhqfh ri frpsdulvrq1 Wkh srzhu ri wkh TG ghwuhqghg
yhuvlrqv ri wkhvh whvwv duh jlyhq lq Iljxuh 71 Iljxuh 8 frpsduhv wkh srzhu ri wkh ROV
ghwuhqghg ]k whvw zlwk wkrvh ri wkh TG ghwuhqghg ]k whvwv iru glhuhqw fkrlfhv ri
wkh suhvshflhg orfdo sdudphwhu f> dqg Iljxuhv 9/ :/ dqg ; frpsduh wkh srzhu ri ]| >
DGIk > dqg DGI| whvwv uhvshfwlyho| iru glhuhqw fkrlfhv ri ghwuhqglqj surfhgxuhv1
Iljxuhv < dqg 43 jlyh wkh srzhu ri wkhvh whvwv iru dqrwkhu irup ri ghwhuplqlvwlf wuhqg1
GhMrqj hw do1 +4<<5, qg iurp wkhlu Prqwh Fduor vwxg| wkdw wkh vhplsdudphw0
ulf ] whvwv kdyh yhu| orz srzhu zkhq wkhuh lv srvlwlyh vhuldo fruuhodwlrq/ zkloh wkh
DGI| whvw lv uhdvrqdeo| zhoo0ehkdyhg lq wklv fdvh1 Wkhlu uhvxowv zhuh rewdlqhg edvhg
rq frpprqo| xvhg hvwlpdwruv ri wkh qxlvdqfh sdudphwhuv zlwkrxw suhzklwhqlqj dqg
zlwkrxw gdwd0edvhg edqgzlgwk vhohfwlrq1 Zh dsso| wkh Dqguhzv0Prqdkdq surfh0
gxuh iru hvwlpdwlqj wkh orqj uxq yduldqfh sdudphwhu lq wkh ] whvwv dqg irxqg wkdw
wkh gdwd0edvhg edqgzlgwk vhohfwlrq dqg suhzklwhqlqj surfhgxuhv kdyh yhu| lpsru0
wdqw hhfwv rq wkh ] whvwv1 Wkh qlwh vdpsoh shuirupdqfh ri wkh ] whvwv lpsuryhv
vljqlfdqwo| zlwk wkh xvh ri wklv hvwlpdwru ri wkh orqj uxq yduldqfh/ hvshfldoo| iru wkh
fdvh zlwk srvlwlyh vhuldo fruuhodwlrq1 Wkh vl}h glvwruwlrq/ dowkrxjk vwloo suhvhqw/ lv dovr
ghfuhdvhg diwhu xvlqj wkh suhzklwhqlqj surfhgxuh1 Wdeoh D vkrzv wkdw wkh ] whvwv/
zlwk gdwd0edvhg edqgzlgwk fkrlfh frxsohg zlwk suhzklwhqlqj/ jhqhudoo| kdyh kljkhu
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vl}h fruuhfwhg srzhu wkdq wkh DGI whvwv1 Txdolwdwlyho| vlplodu uhvxowv fdq dovr eh
irxqg lq Iljxuhv 4 dqg 5 zkhq d ghwhuplqlvwlf wuhqg lv lqfoxghg1 Wkh uhvxowv iurp
Iljxuh 4 wr Iljxuh 6 dovr frqup wkh qglqjv lq rwkhu vlpxodwlrq h{shulphqwv wkdw
frhflhqw edvhg whvwv jhqhudoo| kdyh kljkhu srzhu wkdq wkh w0udwlr whvwv/ dw ohdvw lq
odujh vdpsohv/ dqg wkh| vkrz wkh uhodwlyho| jrrg qlwh vdpsoh surshuwlhv ri wkh Y Q
whvw1
Iljxuhv 6 wr 43 vkrz wkh hhfw ri glhuhqw ghwuhqglqj surfhgxuhv rq wkh qlwh
vdpsoh srzhu ri xqlw urrw whvwv1 Wzr irupv ri ghwhuplqlvwlf wuhqg zhuh frqvlghuhg
lq wkh h{shulphqw1 Wkh uvw fdvh/ {| @ d . ew/ lqfoxghv erwk dq lqwhufhsw whup dqg d
wlph wuhqg/ zkloh wkh vhfrqg fdvh/ {| @ w/ grhv qrw kdyh d frqvwdqw whup1 Iljxuhv 6/
7/ 8/ 9/ :/ dqg ; fruuhvsrqg wr wkh uvw fdvh zlwk erwk d frqvwdqw whup dqg d wlph
wuhqg/ dqg Iljxuhv < dqg 43 fruuhvsrqg wr wkh vhfrqg fdvh zlwk qr frqvwdqw whup1
Wkhvh jxuhv vkrz wkdw TG ghwuhqglqj lqfuhdvhv wkh qlwh vdpsoh srzhu ri xqlw urrw
whvwv/ hvshfldoo| zkhq wkh ghwhuplqlvwlf wuhqg lqfoxghv d frqvwdqw whup1 Dprqj wkh
irxu whvwv/ ]k / ]| / DGIk / dqg DGI| / TG ghwuhqglqj eulqjv wkh odujhvw srzhu jdlqv
wr wkh w0udwlr edvhg whvwv1 Glhuhqw fkrlfhv ri wkh suhvshflhg orfdo sdudphwhu f zhuh
wulhg dqg wkh uhvxowv vkrz wkdw/ lq wkh fdvh {| @ d . ew/ iru txlwh d zlgh udqjh ri
fkrlfhv ri f/ wkh TG ghwuhqghg whvwv kdyh uhdvrqdeo| jrrg srzhu surshuwlhv djdlqvw
dowhuqdwlyhv forvh wr wkh xqlw urrw1 Glhuhqfhv dprqj wkh whvwv xvlqj glhuhqw f rffxu
zkhq wkh wuxh orfdo sdudphwhu f ehfrphv odujhu +lq devroxwh ydoxh,/ fruuhvsrqglqj
wr dowhuqdwlyhv wkdw duh glvwdqw iurp d xqlw urrw1 Dv wkh wuxh ydoxh ri mfm ehfrphv
odujh/ d TG ghwuhqghg whvw zlwk f @ 5=8 kdv srzhu orzhu wkdq whvwv xvlqj d odujhu
f +lq devroxwh ydoxh,1 Wklv skhqrphqrq lv h{shfwhg ehfdxvh/ iurp wkh shuvshfwlyh ri
d srlqw rswlpdo whvw/ wkh srzhu vkrxog eh kljkhu zkhq wkh suhvshflhg f lv forvhu wr
wkh wuxh f ydoxh1
Dqrwkhu lpsruwdqw skhqrphqrq zh vhh iurp wkhvh jxuhv lv wkh glhuhqfh eh0
wzhhq wkh fdvh zlwk d frqvwdqw whup lq wkh ghwhuplqlvwlf wuhqg dqg wkh fdvh zlwk
qr frqvwdqw whup1 Iljxuhv :/ ;/ </ dqg 43 frpsduh wkh DGI whvwv frpelqhg zlwk
glhuhqw ghwuhqglqj surfhgxuhv iru wkh wzr nlqgv ri ghwhuplqlvwlf wuhqg uhprydo1 Wkh
TG ghwuhqghg whvwv vhhp wr eh pruh vhqvlwlyh wr wkh fkrlfh ri f lq wkh fdvh zlwkrxw d
frqvwdqw whup1 D odujhu srzhu jdlq iurp TG ghwuhqglqj lv irxqg lq wkh suhvhqfh ri
d frqvwdqw whup1 Skloolsv dqg Ohh +4<<9, surylgh dq dqdo|vlv ri wkh hhfwv ri d wwhg
lqwhufhsw1 Lq prvw sudfwlfdo dssolfdwlrqv/ dq lqwhufhsw zloo eh lqfoxghg lq wkh ghwhu0
plqlvwlf wuhqg dqg vr TG ghwuhqglqj fdq eh h{shfwhg wr eh vxffhvvixo lq lpsurylqj
wkh qlwh vdpsoh srzhu ri xqlw urrw whvwv1
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Mxvw dv gxpp| yduldeohv duh xvhg lq uhjuhvvlrq wr ghdo zlwk xqxvxdo revhuydwlrqv
dqg vkliwv lq wkh phdq/ euhdnv lq ghwhuplqlvwlf wuhqg ixqfwlrqv fdq eh hpsor|hg wr
fdswxuh fkdqjhv lq wuhqg1 Wklv srvvlelolw| lv douhdg| lqfoxghg lq wkh vshflfdwlrq ri
k| lq +4,1 Iru lqvwdqfh/ wkh wuhqg ixqfwlrq
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doorzv iru wkh suhvhqfh ri d vwuxfwxudo fkdqjh lq wkh sro|qrpldo wuhqg dw wkh gdwd
srlqw w @ p . 41 Vxssrvh  @ olp?<" +p@q, A 3 lv wkh olplw ri wkh iudfwlrq ri
wkh vdpsoh zkhuh wklv vwuxfwxudo fkdqjh rffxuv1 Wkhq wkh olplwlqj wuhqg ixqfwlrq
[> +u, fruuhvsrqglqj wr +64, kdv d vlplodu euhdn dw wkh srlqw 1 Wkh xqlw urrw whvwv
dqg srzhu ixqfwlrqv frqvlghuhg deryh/ lqfoxglqj wkrvh wkdw pdnh xvh ri hflhqw
ghwuhqglqj surfhgxuhv/ doo frqwlqxh wr dsso| dv jlyhq iru vxfk eurnhq wuhqg ixqfwlrqv1
Lqghhg/ +64, pd| eh h{whqghg ixuwkhu wr doorz iru pxowlsoh euhdn srlqwv lq wkh vdpsoh
dqg lq wkh olplw surfhvv zlwkrxw dhfwlqj wkh wkhru|1 Wkh whvwv pd| eh lqwhusuhwhg
dv whvwv iru wkh suhvhqfh ri d xqlw urrw lq prghov zkhuh eurnhq wuhqgv pd| eh suhvhqw
lq wkh gdwd1 Wkh dowhuqdwlyh k|srwkhvlv lq wklv fdvh lv wkdw wkh gdwd duh vwdwlrqdu|
derxw d eurnhq ghwhuplqlvwlf wuhqg ri ghjuhh s1
Lq rughu wr frqvwuxfw xqlw urrw whvwv wkdw doorz iru euhdnlqj wuhqgv olnh +64, lw lv
qhfhvvdu| wr vshfli| wkh euhdn srlqw p1 +Fruuhvsrqglqjo|/ wkh olplw wkhru| ghshqgv rq

wkh olplw surfhvvhv [+u, dqg [+u,
dqg wkhvh ghshqg rq wkh euhdn srlqw 1, Lq hhfw/
wkh euhdn srlqw lv h{rjhqrxvo| ghwhuplqhg1 Shuurq +4<;<, frqvlghuhg olqhdu wuhqgv
zlwk vlqjoh euhdn srlqwv lq wklv zd|1 Dq dowhuqdwlyh shuvshfwlyh lv wkdw wkh euhdn
srlqw+v, lv +duh, hqgrjhqrxv wr wkh gdwd dqg xqlw urrw whvwv vkrxog wdnh dffrxqw ri
wklv idfw1 Lq wklv fdvh/ dowhuqdwlyh xqlw urrw whvwv kdyh ehhq vxjjhvwhg +h1j1/ Edqhumhh
hw do1/ 4<<3/ dqg ]lyrw ) Dqguhzv/ 4<<5, wkdw hqgrjhql}h wkh euhdn srlqw e| fkrrvlqj
wkh ydoxh ri p wkdw jlyhv wkh ohdvw idyrudeoh ylhz ri wkh xqlw urrw k|srwkhvlv1 Wklv
kdv ehhq grqh iru wkh sdudphwulf DGI whvw dqg iru olqhdu wuhqgv zlwk euhdnv1 Li
DGI +p, ghqrwhv wkh DGI vwdwlvwlf jlyhq e| wkh w0udwlr iru  lq wkh DGI uhjuhvvlrq
+46, zlwk d eurnhq wuhqg ixqfwlrq olnh +64,/ wkhq wkh wuhqg euhdn DGI vwdwlvwlf lv
DGI +p,
a @

plq DGI +p,/ zkhuh p @ ^q`> p @ ^q` dqg 3 ?  ?  ? 4>
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+65,
dqg ^  ` vljqlhv wkh lqwhjhu sduw ri lwv dujxphqw1 Wkh olplw wkhru| iru wklv wuhqg
euhdn DGI vwdwlvwlf lv jlyhq e|
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zkhuh wkh olplw surfhvv [> +u, wkdw dsshduv lq wklv ixqfwlrqdo rq wkh uljkw vlgh lv qrz
ghshqghqw rq wkh wuhqg euhdn srlqw  ryhu zklfk wkh ixqfwlrqdo lv plqlpl}hg1 Vlplodu
h{whqvlrqv wr wuhqg euhdnv duh srvvleoh iru wkh rwkhu xqlw urrw whvwv frqvlghuhg deryh1
Fulwlfdo ydoxhv ri wkh olplwlqj whvw vwdwlvwlf +66, duh qdwxudoo| ixuwkhu rxw lq wkh wdlo
wkdq wkrvh ri wkh h{rjhqrxv wuhqg euhdn vwdwlvwlf/ vr lw lv kdughu wr uhmhfw wkh qxoo
k|srwkhvlv ri d xqlw urrw zkhq wkh euhdn srlqw lv frqvlghuhg wr eh hqgrjhqrxv1
Dv|pswrwlf dqg qlwh vdpsoh fulwlfdo ydoxhv iru wkh hqgrjhql}hg wuhqg euhdn DGI
xqlw urrw whvw duh jlyhq lq ]lyrw ) Dqguhzv +4<<5,1 Vlpxodwlrqv vwxglhv lqglfdwh wkdw
wkh lqwurgxfwlrq ri wuhqg euhdn ixqfwlrqv ohdgv wr ixuwkhu uhgxfwlrqv lq wkh srzhu ri
xqlw urrw whvwv dqg wr vxevwdqwldo qlwh vdpsoh vl}h glvwruwlrq lq wkh whvwv1 Vdpsoh
wudmhfwrulhv ri d udqgrp zdon duh riwhq vlplodu wr wkrvh ri d surfhvv wkdw lv vwdwlrqdu|
derxw d eurnhq wuhqg iru vrph sduwlfxodu euhdnsrlqw +dqg hyhq pruh vr zkhq vhyhudo
euhdn srlqwv duh shuplwwhg lq wkh wuhqg,1 Vr frqwlqxlqj uhgxfwlrqv lq wkh srzhu ri xqlw
urrw whvwv djdlqvw frpshwlqj prghov ri wklv w|sh lv wr eh h{shfwhg1 Lq ylhz ri wkh idfw
wkdw Eurzqldq prwlrq fdq eh uhsuhvhqwhg dv dq lqqlwh olqhdu udqgrp frpelqdwlrq
ri ghwhuplqlvwlf ixqfwlrqv ri wlph/ dv vkrzq lq +5<, deryh/ wkhuh duh jrrg wkhruhwlfdo
uhdvrqv iru dqwlflsdwlqj wklv rxwfrph1 Fduhixoo| fkrvhq wuhqg vwdwlrqdu| prghov fdq
dozd|v eh h{shfwhg wr surylgh uhdvrqdeoh uhsuhvhqwdwlrqv ri jlyhq udqgrp zdon gdwd/
exw vxfk prghov duh fhuwdlq wr idlo lq srvw vdpsoh surmhfwlrqv dv wkh srvw vdpsoh gdwd
guliwv dzd| iurp wkh qdo wuhqg olqh1 Skloolsv +4<<;d/4<<;e, h{soruhv wkhvh lvvxhv lq
d v|vwhpdwlf zd|1
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Dowkrxjk prvw dwwhqwlrq kdv ehhq irfxvhg rq L+4, dqg L+3, surfhvvhv lq hfrqrphwulf
dssolfdwlrqv/ wkh frqfhsw ri dq lqwhjudwhg surfhvv jhqhudol}hv wr kljkhu rughu lqwh0
judwlrq dqg iudfwlrqdo lqwhjudwlrq1 Wkhvh frqfhswv duh hperglhg lq wkh iroorzlqj
h{whqghg yhuvlrq ri +5,
+67,
+4  O,_ ||r @ x| >
zkhuh g pd| eh iudfwlrqdo dqg wkh rshudwru +4O,_ lv ghqhg e| wkh irupdo elqrpldo
h{sdqvlrq
+4  O,_ @ 4 .

"
[
+g,
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m$
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+d, @ +d,+d . 4,> ===> +d . m  4,

+68,

zkrvh frqyhujhqfh surshuwlhv ghshqg rq wkh ydoxh ri g= Qrwh wkdw +68, whuplqdwhv
zkhq g lv d srvlwlyh lqwhjhu1 Wkh surfhvv ||r lv vdlg wr eh dq L+g, surfhvv1 Zlwk wklv
jhqhudol}dwlrq/ wkhuh pd| eh rqh ru vhyhudo xqlw urrwv +g lqwhjhu  4, ru iudfwlrqdo
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lqwhjudwlrq +3 ? g ? 4, 1 Vxfk surfhvvhv kdyh ehhq wkh vxemhfw ri lqwhqvlyh uhfhqw
uhvhdufk dqg duh uhylhzhg lq Urelqvrq +4<<7, dqg Edloolh +4<<9,1 Zkhq 3 ? g ? 4@5/
||r lv vwdwlrqdu| exw vwurqjo| fruuhodwhg lq wkh vhqvh wkdw lwv odj0m dxwrfryduldqfh 
ghfd|v dw wkh udwh mmm2_3 / zklfk lv vorzhu wkdq wkdw ri vwdwlrqdu| olqhdu surfhvvhv
olnh x| 1 Zkhq 4@5  g  4> ||r lv qrqvwdwlrqdu|/ dqg wkh ydoxh g @ 4@5 surylghv wkh
qh{xv ehwzhhq vwdwlrqdu| dqg qrqvwdwlrqdu| uhjlrqv1 Zkhq g lv dq lqwhjhu  5> lw lv
fdoohg kljkhu rughu lqwhjudwlrq1 Lq wklv fdvh/ ||r kdv wzr ru pruh uhdo dxwruhjuhvvlyh
xqlw urrwv dqg lv vwdwlrqdu| diwhu glhuhqflqj g wlphv1 D surfhvv zlwk g  4@5 kdv
qrqvwdwlrqdu| orqj0phpru| dqg d yduldqfh wkdw h{sorghv dv w $ 4= Vxfk surfhvvhv
duh/ lq idfw/ qrw phdq uhyhuwlqj/ dowkrxjk wkhlu lpsxovh uhvsrqvhv/ zklfk duh rewdlqhg
iurp wkh h{sdqvlrq
"
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+g, 
O
+4  O,3_ @ 4 .
m$
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dqg kdyh wkh irup
4  +g . m,
4
4
+g,
@

m$
 +g,  +m . 4,
 +g, m 3_

dv m $ 4>

ghfd| wr }hur surylghg g ? 4> dqg vr vkrfnv lq +67, duh qrw shuvlvwhqw lq wklv fdvh1
Zlwklq wkh idplo| +67, lw lv srvvleoh wr whvw iru cxqlw urrw* qrqvwdwlrqdulw| e|
hvwlpdwlqj g dqg whvwlqj wkh qxoo k|srwkhvlv g @ 4 djdlqvw wkh dowhuqdwlyh g ? 4>
ru wr whvw iru vwdwlrqdulw| g ? 4@5 djdlqvw g @ 4@5= Dw suhvhqw/ wkh olwhudwxuh kdv
irfxvvhg rq sdudphwulf whvwv/ ehfdxvh ri wkh glfxowlhv ri d jhqhudo wuhdwphqw wkdw
fryhuv erwk vwdwlrqdu| dqg qrqvwdwlrqdu| fdvhv lq wkh vhplsdudphwulf fdvh/ l1h1/ zkhq
x| lv wuhdwhg qrqsdudphwulfdoo| lq hvwlpdwlrq dqg lqihuhqfh derxw g=
Urelqvrq +4<<7, wrrn prgho +4, dqg +67, dqg sursrvhg d xqlw urrw whvw djdlqvw
iudfwlrqdo dowhuqdwlyhv edvhg rq wkh OP sulqflsoh1 Frqvlghu d whvw ri wkh qxoo k|srwk0
hvlv K_f = g @ gf lq wkh vlpsoh fdvh zkhuh wkh x| duh llg Q+3>  2 , yduldwhv1 Ohw O+,
eh wkh qhjdwlyh ri wkh orj0olnholkrrg ri x| > zkhuh  @ +g> >  2 ,> wkhq dq OP +vfruh,
vwdwlvwlf lv
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Ohw _ @ +4  O,_ dqg wdnh iudfwlrqdo glhuhqfhv ri htxdwlrq +4, xqghu wkh qxoo/
ohdglqj wr
+69,
_f || @   _f {| . _f ||r =
Xqghu K_f > _f ||r @ x| 1 Hvwlpdwlqj wkh wuhqg frhflhqw  e| +69, dqg fdofxodwlqj
S 2
h2 @ q3 | x
h| = Wkh OP
wkh wwhg uhvlgxdov x
h| xvlqj wklv wuhqg hvwlpdwru/ zh rewdlq 
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h fdq wkhq eh fdofxodwhg1 Xqghu fhuwdlq uhjxodulw| frqglwlrqv/ Urelqvrq
whvw vwdwlvwlf U
vkrzhg wkdw wkh vwdwlvwlf uh kdv d vwdqgdug qrupdo olplw glvwulexwlrq/ dqg wkxv wkh
h lv dv|pswrwlfdoo| glvwulexwhg dv "2 1 Wkh dv|pswrwlf wkhru| mxvwlhv d
OP whvw U
rqh0vlghg whvw iru d xqlw urrw Kf = g @ 4 djdlqvw d iudfwlrqdo dowhuqdwlyh K = g ? 4
zklfk uhmhfwv wkh qxoo k|srwkhvlv zkhq uh ? }k > zkhuh }k lv wkh fruuhvsrqglqj fulwlfdo
ydoxh ri vwdqgdug qrupdo glvwulexwlrq1 Wdqdnd +4<<:, frqvlghuhg vlplodu sdudphwulf
OP whvwv iru wkh qrqvwdwlrqdu| fdvh g  4@5=
Xqghu Jdxvvldq dvvxpswlrqv/ hflhqw sdudphwulf hvwlpdwlrq ri g fdq eh rewdlqhg
edvhg rq wkh pd{lpxp olnholkrrg sulqflsoh/ surylghg wkh prgho lv ixoo| vshflhg1
Krzhyhu/ vlqfh fdofxodwlqj wkhvh Jdxvvldq hvwlpdwhv uhtxluhv qxphulfdo phwkrgv ri
hvwlpdwlrq dqg wkh jrrg odujh vdpsoh surshuwlhv uholhv rq fruuhfw vshflfdwlrq ri wkh
vkruw phpru| frpsrqhqwv ri wkh prgho/ vlpsohu hvwlpdwhv kdyh ehhq vxjjhvwhg wkdw
gr qrw uho| rq ixoo vshflfdwlrq ri wkh vkruw phpru| frpsrqhqwv1
2
Li x| lq +67, zhuh d zklwh0qrlvh vhtxhqfh zlwk vshfwuxp i +, @ j2Z / wkhq wkh
vshfwudo ghqvlw| ri ||r > i+> g> 2 , vdwlvhv
2
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Li zh ghqrwh wkh shulrgrjudp ri ||r e| L+ , @ +5q,3  ?|' +||r  | r ,h|b  > zlwk
S
 @ 5m@q> dqg | r @ q3 ?|' ||r > wkhq/ wkh irup ri +6:, vxjjhvwv d orj shulrgrjudp
uhjuhvvlrq ri wkh w|sh
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+6;,
orj L+ , @ f  g orj 4  hb  . yr =
Li zh frqqh dwwhqwlrq wr d vhw ri p ? q ixqgdphqwdo iuhtxhqflhv i j6
 ' lq wklv
uhjuhvvlrq/ wkhq zh fdq h{shfw wklv surfhgxuh wr jlyh vdwlvidfwru| uhvxowv hyhq zkhq
wkh vshfwuxp ri x| lv txlwh jhqhudo ehfdxvh lq wkdw fdvh orj +i +,,  orj +i +3,, @ f
iru  $ 3.> zklfk krogv surylghg p@q $ 3= Vxfk orj shulrgrjudp uhjuhvvlrqv kdyh
ehhq h{whqvlyho| xvhg lq hpslulfdo uhvhdufk odujho| ehfdxvh wkh| duh vr frqyhqlhqw1
Krzhyhu/ wkh dv|pswrwlf surshuwlhv ri vxfk hvwlpdwhv ri g kdyh rqo| uhfhqwo| ehhq
rewdlqhg +Urelqvrq/ 4<<8> Kxuylfk hw do1/ 4<<;, dqg wkhq rqo| lq wkh vwdwlrqdu|
Jdxvvldq fdvh1 Wkh hvvhqwldo glfxow| zdv srlqwhg rxw e| Nxuvfk +4<;9,/ yl}1 wkdw
wkh shulrgrjudp ruglqdwhv L+ , lq +6;, duh dv|pswrwlfdoo| fruuhodwhg iru {hg m= Dw
suhvhqw/ wkhuh lv qr sxeolvkhg dv|pswrwlf wkhru| iru wkh qrqvwdwlrqdu| fdvh1
Dqrwkhu dssurdfk lv wr xvh dq h{solflw prgho/ olnh wkh iroorzlqj/ wr dssur{lpdwh
wkh vshfwuxp ri d surfhvv zlwk orqj0udqjh ghshqghqfh +vhh Urelqvrq/ 4<<6,
&
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Qrwlfh wkdw orj 4  hb  @ "
&' & > vr wkh deryh uhsuhvhqwdwlrq fdq eh uhsdudph0
whul}hg dv
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zkhuh  @ + > ===> R3 > g, = Wkxv/ wkh orjdulwkp ri i +> g> , lv d olqhdu ixqfwlrq ri
 dqg olqhdu uhjuhvvlrq ri orj L+ , rq wkhvh frpsrqhqwv fdq eh dssolhg wr hvwlpdwh
wkh sdudphwhuv1
Dqrwkhu txlwh glhuhqw dssurdfk lv wr orfdoo| dssur{lpdwh wkh Jdxvvldq olnholkrrg
lq wkh iuhtxhqf| grpdlq/ ohdglqj wr wkh iroorzlqj remhfwlyh ixqfwlrq vxjjhvwhg e|
N
xqvfk +4<;:,
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orj+J3
T6 +J> g, @
 , . J L% + ,
p
 '

+6<,

zkhuh L% + , @ z% + ,z% + ,W dqg p lv vrph lqwhjhu ohvv wkdq q= Wkh sdudphwhuv lq
+6<, duh g dqg J @ i +3, dqg duh hvwlpdwhg e| plqlpl}lqj T6 +J> g,> vr wkdw
e @ duj
e g,
+J>

plq

f

C

 f
c _:

"

T6 +J> g,>

zklfk lqyroyhv qxphulfdo rswlpl}dwlrq1 Frqfhqwudwlqj +6<, zlwk uhvshfw wr J> zh qg
wkdw wkh hvwlpdwh ge vdwlvhv
ge @ duj plq U+g,>
_

zkhuh
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e
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Uhfhqwo|/ Urelqvrq +4<<8, dqdo|}hg wkh deryh hvwlpdwruv lq wkh vwdwlrqdu| fdvh


zkhuh g 5  2 > 2 = Xqghu udwkhu zhdn uhjxodulw| frqglwlrqv rq wkh vprrwkqhvv ri
i +, dv  $ 3.> wkh lqqrydwlrqv lq wkh Zrog uhsuhvhqwdwlrq ri x| dqg dq h{sdqvlrq
udwh frqglwlrq rq p> zklfk uhtxluhv wkdw p $ 4 exw 6
? $ 3 dv q $ 4> Urelqvrq
e
e
e
vkrzhg wkdw g $R gf dqg J+g, $R Jf = Xqghu d voljkw vwuhqjwkhqlqj ri wkhvh frqgl0
wlrqv/ Urelqvrq dovr hvwdeolvkhg wkdw ge lv dv|pswrwlfdoo| qrupdoo| glvwulexwhg zlwk
wkh olplw glvwulexwlrq



_
+73,
p 2 +ge  g, $ Q 3> e =
Wklv olplw wkhru| pdnhv whvwlqj dqg wkh frqvwuxfwlrq ri frqghqfh lqwhuydov iru gf d
vwudljkwiruzdug pdwwhu lq wkh vwdwlrqdu| fdvh1
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Lq uhfhqw xqsxeolvkhg zrun/ Skloolsv +4<<;, kdv ghdow zlwk wkh qrqvwdwlrqdu| fdvh


zkhuh g 5 2 > 4 dqg/ xqghu uhjxodulw| frqglwlrqv wkdw duh eurdgo| vlplodu wr wkrvh ri
Urelqvrq +4<<8,/ kdv hvwdeolvkhg wkdw
R
ge $ g>

dqg

_
e $
e g,
J+
Jf . F+g,>




4
J2f
>
p 2 +ge  gf , , P Q 3>
7 +Jf . F +gf ,,2

+74,

+75,

zkhuh F +g, A 3 lv d udqgrp dqg ghshqgv rq wkh wuxh ydoxh ri g= Vlqfh wkh yduldqfh
lq +75, lv vpdoohu wkdq 427> frqvhuydwlyh frqghqfh lqwhuydov fdq eh frqvwuxfwhg iru g
wkdw xwlol}h wkh olplw wkhru| +73, dqg dsso| iru erwk vwdwlrqdu| dqg qrqvwdwlrqdu| g=
Dqrwkhu dssurdfk wr hvwlpdwlrq ri g vwhpv iurp wkh surshuwlhv ri wkh dxwrfrydul0
dqfhv1 Li zh dssur{lpdwh wkh vshfwudo ghqvlw| i +, e| f32_ iru  forvh wr 3/ dqg
ghqrwh fry+| > | n , e|  > wkhq/ xqghu fhuwdlq frqglwlrqv +\rqj/ 4<:7,/ wkh uhodwlrq
i+,  J32_ dv  $ 3 lv htxlydohqw wr c  jk2_3 dv k $ 4*> iru vxlwdeoh j>
surylglqj vhplsdudphwulf hvwlpdwhv ri g edvhg rq hvwlpdwhv ri  iru odujh k= Iru
h{dpsoh/ li 
e duh frqvlvwhqw hvwlpdwhv ri  > g fdq eh frqvlvwhqwo| hvwlpdwhg e| wkh
iroorzlqj vhplsdudphwulf hvwlpdwh
S 3
 +orj k  orj k,
 2 ?'
?3R orj e
e
>
g@
S?3
2
'?3R +orj k  orj k,
S 3
zkhuh orj k @ s3 ?'
?3S
R orj k> s lqfuhdvh vxlwdeo| zlwk q1 Dowhuqdwlyho|/ g fdq eh
3
  Fk2_3 ,2 =
hvwlpdwhg e| plqlpl}lqj ?'
?3R +e
Rwkhu surfhgxuhv wkdq wkh rqhv glvfxvvhg deryh duh dydlodeoh dqg wkh vxemhfw
lv vwloo xqghu lqwhqvlyh vwxg|1 Wzr uhfhqw vxuyh|v rq wkh wrslf duh jlyhq e| Ehudq
+4<<5, dqg Urelqvrq +4<<7,/ dqg Edloolh +4<<9, uhylhzv pdq| ri wkh hpslulfdo dvshfwv
ri iudfwlrqdo lqwhjudwlrq1

.
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Dqrwkhu lpsruwdqw h{whqvlrq ri +5, lv wkh vhdvrqdo xqlw urrw prgho
+4  Oe ,|| @ x| =

+76,

Qrwlfh wkdw wkh sro|qrpldo 4  Oe fdq eh h{suhvvhg dv +4  O,+4 . O,+4 . O2 ,= Wkxv/
wkh xqlw urrwv +ru urrwv rq wkh xqlw flufoh, lq +76, duh 4/ 4/ l/ dqg l/ fruuhvsrqglqj
wr wkh dqqxdo +O @ 4, iuhtxhqf|/ wkh vhpl0dqqxdo +O @ 4, iuhtxhqf|/ dqg wkh
txduwhu dqg wkuhh txduwhu dqqxdo +O @ l> l, iuhtxhqf| uhvshfwlyho|1 Wkh prgho +76,
5:

lv riwhq uhohydqw lq sudfwlfdo zrun zlwk txduwhuo| gdwd1 Txduwhuo| glhuhqflqj/ dv lq
+76,/ lv vrphwlphv xvhg dv d vhdvrqdo dgmxvwphqw ghylfh/ dqg lw lv ri lqwhuhvw wr whvw
zkhwkhu wkh gdwd vxssruwv wkh lpsolhg k|srwkhvlv ri wkh suhvhqfh ri xqlw urrwv dw
wkhvh vhdvrqdo iuhtxhqflhv1 Rwkhu w|shv ri vhdvrqdo surfhvvhv/ vd| prqwko| gdwd/ fdq
eh dqdo|}hg lq wkh vdph zd|1
Glfnh| hw do1 +4<;7, sursrvhg d whvw iru wkh suhvhqfh ri d vlqjoh xqlw urrw dw d
vhdvrqdo odj e| frqvlghulqj wkh iroorzlqj prgho
|| @ ||3r . %| =
Wkh qxoo k|srwkhvlv lv  @ 4> dqg wkh dowhuqdwlyh lv  ? 41 Wkh olplw glvwulexwlrq
ri wkh ohdvw vtxduhv hvwlpdwh ri  lv jlyhq dqg vpdoo0vdpsoh glvwulexwlrqv iru vhyhudo
ydoxhv ri v duh surylghg edvhg rq Prqwh Fduor h{shulphqwv1 D pruh jhqhudo fdvh zdv
vwxglhg e| K|oohehuj hw do1 +4<<3,/ h{whqglqj wkh sdudphwulf DGI whvw wr wkh fdvh
ri vhdvrqdo xqlw urrwv1 Lq rughu wr dffrpprgdwh irxuwk glhuhqflqj dv lq +76, wkh
dxwruhjuhvvlyh prgho lv zulwwhq lq wkh qhz irup
[R
* e ||3 . %| >
+77,
e || @  ||3 . 2 |2|3 .  | |32 . e | |3 .
a '

zkhuh e @ 4O > || @ +4.O,+4.O ,|| > |2| @ +4O,+4.O2 ,|| > | | @ +4O2 ,|| 1
Wkh wudqviruphg gdwd || / |2| / | | uhwdlq wkh xqlw urrw dw wkh }hur iuhtxhqf| +orqj
uxq,/ wkh vhpl0dqqxdo iuhtxhqf| +wzr f|fohv shu |hdu,/ dqg wkh dqqxdo iuhtxhqf| +rqh
f|foh shu |hdu,1 Zkhq  @ 2 @  @ e @ 3/ wkhuh duh xqlw urrwv dw wkh }hur dqg
vhdvrqdo iuhtxhqflhv1 Wr whvw wkh k|srwkhvlv ri d xqlw urrw +O @ 4, lq wklv vhdvrqdo
prgho/ d w0udwlr whvw ri  @ 3 lv xvhg1 Vlploduo|/ wkh whvw iru d vhpl0dqqxdo urrw
+O @ 4, lv edvhg rq d w0udwlr whvw ri 2 @ 3/ dqg wkh whvw iru dq dqqxdo urrw rq
wkh w0udwlrv iru  @ 3 ru e @ 31 Li hdfk ri wkh  v lv glhuhqw iurp }hur/ wkhq wkh
vhulhv kdv qr xqlw urrwv dw doo dqg lv vwdwlrqdu|1 Ghwdlov ri wkh lpsohphqwdwlrq ri wklv
surfhgxuh duh jlyhq lq K|oohehuj hw do1 +4<<3, dqg wkh olplw wkhru| iru wkh whvwv lv
ghyhorshg lq Fkdq dqg Zhl +4<;;,1
Dv dq dowhuqdwlyh dssurdfk wr wkh frqyhqwlrqdo vhdvrqdo xqlw urrw dqdo|vlv/ shul0
rglf prghov kdyh ehhq xvhg lq wkh vwxg| ri vhdvrqdolw|1 Xqghu wkh iudphzrun ri d
shulrglf prgho/ sdudphwhuv duh doorzhg wr ydu| dffruglqj wr wkh wlph dw zklfk wkh
vhulhv duh revhuyhg1 D ghqlwlrq ri shulrglf lqwhjudwlrq dqg vrph whvwlqj surfhgxuhv
duh surylghg lq Rveruq hw do1 +4<;;,1 Iudqvhv +4<<9, surylghv d xvhixo uhihuhqfh rq
shulrglflw| lq wkh frqwh{w ri prghov zlwk vwrfkdvwlf wuhqgv1 Wkhuh kdv dovr ehhq zrun
rq vhdvrqdo yhuvlrqv ri wkh iudfwlrqdo lqwhjudwlrq prgho +Sruwhu Kxgdn/ 4<<3,/ dqg
vhdvrqdo yhuvlrqv ri huuru fruuhfwlrq prghov dqg uhgxfhg udqn uhjuhvvlrqv +PfDohhu
dqg Iudqvhv 4<<;,1 K|oohehuj +4<<7, lv d xvhixo jhqhudo uhihuhqfh rq wkh wrslf1
e

2
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Zkloh prvw sudfwlfdo zrun rq xqlw urrw whvwlqj kdv xwlol}hg fodvvlfdo surfhgxuhv ri
wkh w|sh glvfxvvhg deryh/ Ed|hvldq phwkrgv rhu fhuwdlq dgydqwdjhv wkdw duh xvhixo
lq hpslulfdo uhvhdufk1 Iruhprvw dprqj wkhvh lv wkh srwhqwldo wkdw wkhvh phwkrgv
rhu iru hpehgglqj wkh xqlw urrw k|srwkhvlv lq wkh pxfk zlghu frqwh{w ri prgho
vshflfdwlrq1 Zkhwkhu ru qrw d prgho vxfk dv +7, kdv d xqlw urrw fdq eh ylhzhg dv
sduw ri wkh ryhudoo lvvxh ri prgho ghwhuplqdwlrq1 Prgho frpsdulvrq whfkqltxhv olnh
srvwhulru rggv dqg suhglfwlyh rggv pdnh lw hdv| wr dvvhvv wkh hylghqfh lq wkh gdwd lq
vxssruw ri wkh k|srwkhvlv  @ 4 dw wkh vdph wlph dv ghflvlrqv duh pdgh frqfhuqlqj
rwkhu ihdwxuhv ri prgho vshflfdwlrq/ vxfk dv wkh odj rughu lq wkh dxwruhjuhvvlrq +9,/
wkh ghjuhh ri wkh ghwhuplqlvwlf wuhqg frpsrqhqw/ dqg wkh suhvhqfh ri wuhqg euhdnv1
D frpprq dv|pswrwlf wkhru| +vhh Skloolsv dqg Sorehujhu/ 4<<9, ixuwkhu idflolwdwhv
wklv dssurdfk wr prgho vhohfwlrq dqg ohdgv wr dq h{whqvlrq ri wkh Vfkzdu} +4<:;, ELF
fulwhulrq wr prghov zlwk vrph qrqvwdwlrqdu| gdwd wkdw lv edvhg rq wkh lghd ri vhohfwlqj
wkh prgho wkdw lv d srvwhulrul wkh prvw suredeoh1 Wkh dssurdfk kdv frqqhfwlrqv zlwk
suhtxhqwldo suredelolw| +Gdzlg/ 4<;7, dqg vwrfkdvwlf frpsoh{lw| +Ulvvdqhq/ 4<;9,1 Lw
fdq eh vkrzq wkdw prgho fkrlfhv wkdw duh pdgh lq wklv zd| duh frpsohwho| frqvlvwhqw
lq wkh vhqvh wkdw wkh suredelolw| ri w|sh L dqg w|sh LL huuruv jrhv wr }hur dv q $ 4
+ Skloolsv dqg Sorehujhu/ 4<<7,1
Lq wkh frqwh{w ri Ed|hvldq dqdo|vlv/ d prgho pd| eh vhohfwhg edvhg rq wkh srvwhulru
rggv udwlr
 
2 Su ^\ ? mP2 `
 Su ^\ ? mP `
zkhuh P dqg P2 duh wkh wzr fdqglgdwh prghov/ dqg  dqg 2 duh fruuhvsrqglqj
sulru zhljkwv rq P dqg P2 = Li P dqg P2 duh vshflhg dv L+3, dqg L+4, prghov
uhvshfwlyho|/ wkh xqlw urrw k|srwkhvlv fdq eh whvwhg e| fkrrvlqj ehwzhhq prghov P
dqg P2 = Pruh uljrurxvo|/ frqvlghu d olqhdu uhjuhvvlrq
|| @  }| . %| >
zkhuh || dqg %| duh uhdo ydoxhg vwrfkdvwlf surfhvvhv rq d suredelolw| vsdfh + > I> S ,>
dqg I|  I +w @ 3> 4> 5> ===, lv d owudwlrq wr zklfk || dqg %| duh dgdswhg/ }| lv d n  4
yhfwru ghqhg rq wkh vdph vsdfh dqg lv I|3 phdvxudeoh1 Vxssrvh %|  llg Q+3> 2 ,
dqg wkhq/ frqglwlrqdo rq If dqg / wkh mrlqw ghqvlw| ri \? @ ^| > ===> |? ` zlwk uhvshfw
wr Ohehvjxh phdvxuh  lv
sgi+\? mIf > , @ gS?w @g
e? X
e? . +e?  , D? +e?  ,`j> +78,
@ +52 ,3?*2 h{si+4@52 ,^X
5<

e? @ \?  ]? e? > e? @ ^]? ]? `3 ]? \? / ]? @ ^} > ===> }? `/ D? @ ]? ]? / dqg S?w lv
zkhuh X
wkh suredelolw| phdvxuh ri \? = Frpelqlqj +78, zlwk d sulru ghqvlw|/ +,/ iru > zh
jhw wkh mrlqw ghqvlw| ri +> \? ,= Frqglwlrqdo rq If / wkh gdwd ghqvlw| iru \? fdq wkhq
eh rewdlqhg e| lqwhjudwlqj rxw  lq wkh mrlqw ghqvlw| ri +> \? ,= Iru +, @ f >
e? X
e? j=
sgi+\? mIf , @ f +5 2 ,3E?3&*2 mD? m3*2 h{si+4@52 ,X
Ohw T? eh wkh +suredelolw|, phdvxuh zkrvh ghqvlw| zlwk uhvshfw wr  lv sgi+\? mIf ,
dqg fkrrvh S? @ S?f dv wkh uhihuhqfh phdvxuh/ wkhq
U
gT?
gS w
@ +, ? g
gS?
gS?
@ f +5 2 ,&*2 mD? m3*2 h{si+4@5 2 ,e? D? e? j=
Iru doo q A n/ T? dv jlyhq deryh ohdgv wr d surshu frqglwlrqdo suredelolw| phdvxuh
dqg wklv phdvxuh fdq eh lqwhusuhwhg dv wkh Ed|hvldq yhuvlrq ri wkh gdwd jhqhudwlqj
phfkdqlvp1 Lq rwkhu zrugv/ T? jlyhv xv wkh Ed|hvldq prgho iru wkh gdwd1
D qdwxudo phdvxuh ri prgho dghtxdf| lv surylghg e| wkh gdwd ghqvlw| gT? @gS? =
Li zh ghqrwh T&? dv wkh cEd|hv prgho* phdvxuh jlyhq e| T? iru d prgho zlwk n
sdudphwhuv dqg lqfrusrudwh wkh lqgh{ cn* lq zkdw iroorzv wr vljqli| wkh qxpehu ri
uhjuhvvruv/ wkhq
gT&?
@ m+4@ 2 ,D? +n,m3*2 h{si+4@52 ,e? +n,D? +n,e? +n,j> n @ 4> 5> ===> N=
gS?
Ohw N eh vrph pd{lpxp qxpehu ri uhjuhvvruv/ wkhq Tg
? fruuhvsrqgv wr wkh _ohdvw
uhvwulfwhg% rswlrq dqg zh pd| xvh lw dv wkh uhihuhqfh phdvxuh1 Pxowlso|lqj wkh
Udgrq~Qlnrg|p ghulydwlyhv zh rewdlq wkh olnholkrrg udwlr
 & 

gT?
gT&?
gS?
@
gTg
gS?
gTg
?
?
fruuhvsrqglqj wr wkh wzr cEd|hv prghov*
K+T&? , = |?n@e? +n, }?n . y?& n >
K+Tg , = |?n@e? +N, }?n . y g =
?

?n

Lq prgho +46,/ li zh vhw N @ s . t> dqg n @ s . t  4 @ N  4> zkhuh t lv wkh
glphqvlrq ri wkh ghwhuplqlvwlf wuhqg {| > zh jhw wkh iroorzlqj wzr cEd|hv prghov*=
[R3
3
K+Tg
h? |?n3 . h? {?n . %?n > dqg
? , = |?n@  ' *
[R3
K+Tg
d|? .
*
e? |?n3 . e? {?n . %?n =
? , = |?n@e
 '
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Wkh uvw prgho lqfrusrudwhv d xqlw urrw1 Li zh dvvljq htxdo sulru rggv wr wkh wzr
3
prghov zh fdq whvw wkh k|srwkhvlv ri d xqlw urrw/ l1h1/ K+Tg
? ,> djdlqvw wuhqg vwd0
wlrqdulw|/ l1h1/ K+Tg
? ,> xvlqj wkh fulwhulrq=
3
g
g 3
g
Dffhsw K+Tg
? , lq idyru ri K+T? , li gT? @gT? A 4=

+79,

Wkxv/ xqghu wkh zlghu frqwh{w ri prgho vshflfdwlrq/ whvwlqj iru d xqlw urrw ehfrphv
dq lvvxh ri zkhwkhu ru qrw wr lqfoxgh wkh odj yduldeoh +|? deryh, dv d uhjuhvvru lq wkh
DGI uhjuhvvlrq1 Wklv fulwhulrq/ dv vkrzq lq Skloolsv dqg Sorehujhu +4<<7,/ jlyhv d
frpsohwho| frqvlvwhqw cEd|hv prgho* whvw lq wkh vhqvh wkdw wkh suredelolwlhv ri erwk
w|shv ri huuru whqg wr }hur dv q $ 4=
D vhfrqg dgydqwdjh ri Ed|hvldq whfkqltxhv lq qrqvwdwlrqdu| prghov zlwk xqlw
urrwv lv wkdw wkh dv|pswrwlf irup ri wkh srvwhulru ghqvlw| lv qrupdo xqghu udwkhu
jhqhudo frqglwlrqv/ d uhvxow wkdw idflolwdwhv odujh vdpsoh Ed|hvldq lqihuhqfh dqg wkdw
frqwudvwv zlwk wkh qrq0vwdqgdug dv|pswrwlf glvwulexwlrq wkhru| ri fodvvlfdo hvwlpd0
wruv dqg whvwv1 Wkh idfw wkdw srvwhulru ghqvlwlhv kdyh olplwlqj qrupdo irupv lq d zlghu
fodvv ri prghov wkdq wkrvh iru zklfk wkh pd{lpxp olnholkrrg hvwlpdwru lv dv|pswrw0
lfdoo| qrupdo kdv orqj ehhq nqrzq +Kh|gh dqg Mrkqvwrqh/ 4<:<, exw lwv uhohydqfh
iru prghov zlwk xqlw urrwv kdv rqo| uhfhqwo| ehhq uhfrjql}hg +Vlpv/ 4<<3> Nlp/ 4<<7>
Skloolsv dqg Sorehujhu/ 4<<8,1 Iru lqvwdqfh/ d odujh vdpsoh Ed|hvldq frqghqfh vhw
iru wkh dxwruhjuhvvlyh sdudphwhu  lq +44, fdq eh frqvwuxfwhg lq wkh frqyhqwlrqdo zd|
zlwkrxw kdylqj wr dsshdo wr dq| qrqvwdqgdug olplw wkhru|1 Lq wklv uhvshfw/ Ed|hvldq
wkhru| +zklfk ohdgv wr d v|pphwulf frqghqfh vhw iru , glhuv iurp fodvvlfdo vwdwlvwl0
fdo dqdo|vlv zkhuh wkh frqvwuxfwlrq ri ydolg frqghqfh uhjlrqv lv dznzdug ehfdxvh ri
wkh glvfrqwlqxlw| ri wkh olplw wkhru| dw  @ 4 +exw pd| eh dffrpsolvkhg xvlqj orfdo
dv|pswrwlfv dv lq Vwrfn/ 4<<4,1 Wklv glyhujhqfh fdq ohdg wr txlwh glhuhqw lqihuhqfhv
ehlqj pdgh iurp wkh wzr dssurdfkhv zlwk wkh vdph gdwd hyhq zkhq wkh lqxhqfh ri
wkh sulru lv qhjoljleoh/ dv lw lv lq yhu| odujh vdpsohv1 Lq vpdoo vdpsohv/ wkh uroh ri
wkh sulru lv lpsruwdqw dqg wlph vhulhv prghov udlvh vshfldo frqfhuqv derxw wkh frq0
vwuxfwlrq ri xqlqirupdwlyh sulruv/ sulpdulo| ehfdxvh d juhdw ghdo lv nqrzq derxw wkh
surshuwlhv ri vlpsoh wlph vhulhv prghov olnh dxwruhjuhvvlrqv dqg wkhlu fkdudfwhulvwlf
ihdwxuhv lq dgydqfh ri gdwd dqdo|vlv1 Krz wklv nqrzohgjh vkrxog eh xvhg ru ljqruhg lv
d pdwwhu rq zklfk wkhuh lv rqjrlqj ghedwh +vhh Skloolsv/ 4<<4/ dqg wzr wkhphg lvvxhv
ri wkh Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 4<<4/ dqg Hfrqrphwulf Wkhru|/ 4<<7,1
Wklug/ Ed|hvldq phwkrgv rhu h{lelolw| dqg frqyhqlhqfh lq dqdo|}lqj prghov
zlwk srvvleoh xqlw urrwv dqg hqgrjhqrxv wuhqg euhdnv1 Lq vxfk fdvhv/ d sulru glvwul0
exwlrq ri euhdn srlqwv lv srvwxodwhg +d xqlirup sulru dfurvv srwhqwldo euhdn srlqwv
pd| eh dsshdolqj lq wkh devhqfh ri rwkhu lqirupdwlrq,/ wkh srvwhulru pdvv ixqfwlrq
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lv fdofxodwhg/ dqg wkh Ed|hv hvwlpdwh ri wkh euhdn srlqw lv wdnhq dv wkh rqh zlwk
kljkhvw srvwhulru pdvv +]lyrw dqg Skloolsv/ 4<<7,1 Wklv dssurdfk pdnhv wkh dqdo|vlv
ri pxowlsoh euhdn srlqwv vwudljkwiruzdug/ d sureohp zkhuh fodvvlfdo dv|pswrwlf wkh0
ru| lv pxfk pruh frpsoh{ +Iru d fodvvlfdo dqdo|vlv ri pxowlsoh euhdnv/ vhh Edl/ 4<<:>
Oxpvgdlqh dqg Sdshoo/ 4<<8/ dprqj rwkhuv,1

b
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Wkh vwxg| ri errwvwudsslqj wlph vhulhv uhjuhvvlrq prghov zdv vwduwhg e| Iuhhgpdq
+4<;7,1 Ervh +4<;;, vkrzv wkdw xqghu fhuwdlq uhjxodulw| frqglwlrqv/ wkh errwvwuds
dssur{lpdwlrq wr wkh glvwulexwlrq ri wkh ohdvw vtxduhv hvwlpdwru lq d vwdwlrqdu| dx0
wruhjuhvvlyh prgho lv ri rughu r+q3*2 , d1v1/ wkhuhe| lpsurylqj wkh qrupdo dssur{0
lpdwlrq1 Wkh ydolglw| ri wkh errwvwuds iru xqlw urrw prghov kdv ehhq vwxglhg e|
vhyhudo dxwkruv uhfhqwo|1 Edvdzd hw do1 +4<<4d, vkrz wkdw wkh vwdqgdug errwvwuds
ohdvw vtxduhv hvwlpdwh lv dv|pswrwlfdoo| lqydolg lq xqlw urrw prghov/ hyhq li wkh huuru
glvwulexwlrq lv dvvxphg wr eh qrupdo1 Frqvlghu wkh iroorzlqj DU+4, surfhvv=
|| @ ||3 . x| > |f @ 3> x|  llg Q+3> 4,=
Ohw 
e eh wkh ROV hvwlpdwru ri / wkhq xqghu wkh qxoo k|srwkhvlv ri d xqlw urrw dqg
zkhq q $ 4>
]? @
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Z +u,2 gu
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D sdudphwulf errwvwuds vdpsoh ||W lv rewdlqhg uhfxuvlyho| iurp wkh iroorzlqj uhfxuvlrq=
e||W3 . xW| > |fW @ 3>
||W @ 

+7;,

zkhuh ixW| j lv d udqgrp vdpsoh iurp Q+3> 4,= Wkh errwvwuds hvwlpdwru ri  fdq wkhq
S
S
eh fdofxodwhg iurp wkh errwvwuds vdpsoh i||W j/ dv 
eW @ ^ ||W ||W3 `^ ||W32  `3 > dqg
S
W  
e,= Edvdzd hw do1 +4<<4d, vkrz
wkh errwvwuds yhuvlrq ri ]? lv ]?W @ ^ ||W32  `*2 +e
W
wkdw wkh olplw glvwulexwlrq ri ]? lv qrw wkh vdph dv wkdw ri ]? > wkxv lqydolgdwlqj wkh
errwvwuds1 Vshflfdoo|/ frqvlghu wkh wuldqjxodu duud|
|&c? @ e? |&3c? . x& >

|f @ 3>

+7<,

zkhuh %& duh lqghshqghqw Q+3> 4, yduldwhv dqg ie? j lv d vhtxhqfh ri qxpehuv vxfk wkdw
q+e? 4, $ = Wkhq/ +7<, lv d wuldqjxodu v|vwhp zlwk urrwv e? @ 4. ?b wkdw duh orfdo wr
S
S
xqlw|1 Lw iroorzv iurp rxu hduolhu dqdo|vlv wkdw li eW? @ ^ & |&c? |&3c? `^ & |&23c? `3 >
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S
dqg ? +e? , @ ^ & |&23c? `*2 +eW?  e? , lv wkh fruuhvsrqglqj vhtxhqfh ri vfdohg dqg
fhqwhuhg hvwlpdwruv iurp +7<,/ wkhq
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zkhuh Mb +u, @ f hEo3rb gZ +v, lv d olqhdu glxvlrq1 Li wkh errwvwuds dssur{lpdwlrq
zhuh dv|pswrwlfdoo| ydolg/ wkhq dorqj doprvw doo sdwkv ? +e
, zrxog frqyhujh wr wkh
S 2 *2
||3
+e
  , lwvhoi/ yl}1 +7:,1 Krzhyhu/ lq
vdph glvwulexwlrq dv wkdw ri ]? @
, ,  +, > dv q $ 4> zkhuh
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r3

vlqfh q+e
  4, , = D vlplodu lqydolglw| ri wkh errwvwuds rffxuv iru wkh frhflhqw
e,=
edvhg errwvwuds vwdwlvwlf q+e
W  
Wr flufxpyhqw wkh dv|pswrwlf lqydolglw| ri wkh errwvwuds/ wkhuh duh vhyhudo srv0
vlelolwlhv1 Edvdzd hw do1 +4<<4e, vxjjhvwhg uhvdpsolqj wkh uhvwulfwhg uhvlgxdov xqghu
wkh qxoo k|srwkhvlv ri d xqlw urrw1 Li xWW
| lv wkh uhvwulfwhg uhvlgxdo ||  ||3 dqg wkh
errwvwuds vdpsoh lv jhqhudwhg iurp wkh iroorzlqj uhvdpsolqj vfkhph xqghu wkh qxoo
||W @ ||W3 . xWW
| >
wkhq wkh errwvwuds w0udwlr vwdwlvwlf ]?W kdv wkh vdph dv|pswrwlf glvwulexwlrq dv ]? =
Dv dq dowhuqdwlyh/ Ihuuhwwl dqg Urpr +4<<7, frqvlghu wkh xquhvwulfwhg uhvlgxdov xW| @
e||3 dqg jhqhudwh wkh svhxgr gdwd ||W xqghu wkh qxoo ri d xqlw urrw1 Wkh| vkrz
||  
wkdw wkh fruuhvsrqglqj errwvwuds whvw vwdwlvwlfv duh dv|pswrwlfdoo| ydolg1 Dqrwkhu
srvvlelolw| lv wr xvh prgho vhohfwlrq wr ghwhuplqh zkhwkhu wr vdpsoh iurp d xqlw
urrw surfhvv ru wkh wwhg uhjuhvvlrq1 Lq wklv fdvh/ d qdwxudo surfhgxuh lv wr xvh wkh
prgho vhohfwlrq phwkrg rxwolqhg lq +79, deryh/ zklfk jlyhv d frqvlvwhqw prgho fkrlfh
surfhgxuh lq zklfk wkh w|sh L dqg w|sh LL huuruv erwk whqg wr }hur lq suredelolw| dv
q $ 4= Lq frqvhtxhqfh/ wkh fruuhfw prgho lv fkrvhq dv|pswrwlfdoo| dqg wkh uhvxowlqj
errwvwuds whvw vwdwlvwlfv duh dv|pswrwlfdoo| ydolg1
Qrqh ri wkh deryh phwkrgv zrun zkhq wkh xqghuo|lqj prgho lv d qhdu lqwhjudwhg
surfhvv/ ehfdxvh wkhuh lq wklv fdvh wkhuh lv qr zd| lq zklfk wkh orfdol}lqj sdudphwhu
fdq eh frqvlvwhqwo| hvwlpdwhg iurp wkh vdpsoh gdwd1
Iru xqlw urrw prghov zlwk ghwhuplqlvwlf wuhqgv/ wkh sureohp ri uhgxqgdqw gh0
whuplqlvwlf wuhqg yduldeohv glvfxvvhg lq Vhfwlrq 5 vxuidfhv djdlq1 Dowkrxjk zh xvh
uhjuhvvlrq prghov olnh +9,/ zklfk lqfoxgh uhgxqgdqw wuhqg yduldeohv/ wr fdofxodwh wkh
GI whvw vwdwlvwlfv dqg wr rewdlq wkh errwvwuds uhvlgxdov %W| > wkh uhgxqgdqw yduldeohv
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vkrxog eh h{foxghg iurp wkh uhvdpsolqj vfkhph wr pdnh wkh errwvwuds GI whvw dv0
|pswrwlfdoo| ydolg1 Qdqnhuylv dqg Vdylq +4<<7, suhvhqw vrph vlpxodwlrq uhvxowv rq
errwvwudsslqj xqlw urrw whvwv iru wkh iroorzlqj prgho
|| @ f .  w . ||3 . %|
xqghu glhuhqw huuru glvwulexwlrqv1 Wkhlu vdpsolqj vfkhph lv edvhg rq uhvwulfwhg
uhvlgxdov dqg wkh errwvwuds vdpsoh gdwd lv jhqhudwhg xqghu wkh qxoo k|srwkhvlv1 Wkh
errwvwuds GI whvw kdv edvlfdoo| wkh vdph srzhu dv wkh ruljlqdo GI whvw/ h{fhsw
iru vrph qrq0Jdxvvldq glvwulexwlrq fdvhv zkhuh wkh errwvwuds whvwv shuirup voljkwo|
ehwwhu1 Dqrwkhu vwxg| ri wkh dv|pswrwlf surshuwlhv ri errwvwuds surfhgxuhv lq xqlw
urrw prghov zlwk d guliw lv Jlhuvehujhq +4<<8,1
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Pdq| hpslulfdo dqdo|vhv/ olnh wkrvh ri Qhovrq dqg Sorvvhu +4<;5, dqg vxevhtxhqw
vwxglhv/ ohdg wr wkh frqfoxvlrq wkdw djjuhjdwh hfrqrplf wlph vhulhv duh xqlw urrw
qrqvwdwlrqdu|1 Rqh h{sodqdwlrq wkdw kdv ehhq vxjjhvwhg iru wkhvh hpslulfdo rxwfrphv
lv wkdw wkh vwdqgdug whvwv duh doo edvhg rq wkh qxoo k|srwkhvlv ri d xqlw urrw/ zklfk
dvvxuhv wkdw wkh k|srwkhvlv zloo eh dffhswhg dw frqyhqwlrqdo vljqlfdqfh ohyhov +ri 8(
dqg 4(, xqohvv wkhuh lv vwurqj hylghqfh djdlqvw lw1 Dv d uhvxow/ wkhuh lv frqvlghudeoh
lqwhuhvw lq whvwv iru zklfk wkh qxoo k|srwkhvlv lv wuhqg vwdwlrqdu|1
Vxfk whvwv duh hdvlo| ghyhorshg e| zrunlqj iurp wkh frpsrqhqwv uhsuhvhqwdwlrq
ri wkh wlph vhulhv || = Lq sduwlfxodu/ li zh dgg d vwdwlrqdu| frpsrqhqw y| wr +4, dqg
+5,/ zh jhw wkh vr0fdoohg frpsrqhqwv prgho
|| @ k| . ||r . y| / ||r @ ||r3 . x| >

+83,

zklfk ghfrpsrvhv wkh wlph vhulhv || lqwr d ghwhuplqlvwlf wuhqg k| / d vwrfkdvwlf wuhqg
||r > dqg d vwdwlrqdu| uhvlgxdo y| 1 Wkh vwrfkdvwlf wuhqg lq +83, lv dqqlklodwhg zkhq 2 @
ydu+x| , @ 3/ zklfk wkhuhiruh fruuhvsrqgv wr d qxoo k|srwkhvlv ri wuhqg vwdwlrqdulw|1
Xqghu Jdxvvldq dvvxpswlrqv dqg llg huuru frqglwlrqv/ wkh k|srwkhvlv fdq eh whvwhg
lq d vlpsoh zd| xvlqj wkh OP sulqflsoh1 Ohw he| eh wkh uhvlgxdov iurp wkh uhjuhvvlrq
S
e2 @ q3 he2| > wkhq wkh OP vwdwlvwlf fdq eh
ri || rq wkh ghwhuplqlvwlf wuhqg {| dqg 
frqvwuxfwhg dv iroorzv=
S
q32 V|2
>
OP @

e2
S
zkhuh V| lv wkh sduwldo vxp surfhvv ri wkh uhvlgxdov | ' he = Xqghu wkh qxoo k|srwk0
U
hvlv ri vwdwlrqdulw|/ wklv OP vwdwlvwlf frqyhujhv wr f Yf2 > zkhuh Yf +u, @ Z +u, 
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lv d jhqhudol}hg Eurzqldq eulgjh surfhvv/ olnh +4;,
f
f
f
deryh1 Wklv surfhgxuh fdq hdvlo| eh h{whqghg wr pruh jhqhudo fdvhv zkhuh wkhuh
lv vhuldo ghshqghqfh e| uhsodflqj 
e2 zlwk fruuhvsrqglqj hvwlpdwhv ri wkh orqj uxq
yduldqfh ri y| edvhg rq qrqsdudphwulf phwkrgv1 Wklv zdv grqh lq Nzldwnrzvnl hw
do1 +4<<5,/ zkhuh d jhqhudo dssurdfk zdv ghyhorshg1
Ghqlqj z| @ ||r . y| dqg zulwlqj glhuhqfhv dv z| @ +4  O,| > zkhuh |
lv vwdwlrqdu|/ lw lv fohdu wkdw 2 @ 3 lq +83, fruuhvsrqgv wr wkh qxoo k|srwkhvlv ri
d prylqj dyhudjh xqlw urrw  @ 4 lq wklv uhsuhvhqwdwlrq1 Wkxv/ wkhuh lv d irupdo
fruuhvsrqghqfh ehwzhhq whvwlqj iru vwdwlrqdulw| dqg whvwlqj iru d prylqj dyhudjh
xqlw urrw +Vdlnrqqhq dqg Oxxnnrqhq/ 4<<6,1 Wkh dv|pswrwlf wkhru| iru wkh pd{lpxp
olnholkrrg hvwlpdwru lq wkh prylqj dyhudjh xqlw urrw fdvh lv nqrzq/ exw kdv d frpsoh{
srlqw surfhvv uhsuhvhqwdwlrq +Gdylv dqg Gxqvpxlu/ 4<<8,1 Wklv pdnhv d olnholkrrg
udwlr dssurdfk dznzdug dqg wkh OP whvw dwwudfwlyh lq sudfwlfh1 Oh|erxuqh dqg
PfFdeh +4<<7, vxjjhvwhg d vlplodu whvw iru vwdwlrqdulw| zklfk glhuv iurp wkh whvw ri
Nzldwnrzvnl hw do1 +4<<5, lq lwv wuhdwphqw ri dxwrfruuhodwlrq dqg dssolhv zkhq wkh
qxoo k|srwkhvlv lv dq DU+n, surfhvv1
U o
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Prvw hpslulfdo dssolfdwlrqv ri xqlw urrw whvwv kdyh ehhq lq wkh hog ri hfrqrplfv1
Pduwlqjdohv sod| d nh| uroh lq wkh pdwkhpdwlfdo wkhru| ri hflhqw qdqfldo pdunhwv
+Gxh/ 4<;;, dqg lq wkh pdfurhfrqrplf wkhru| ri wkh djjuhjdwh frqvxpswlrq eh0
kdylru ri udwlrqdo hfrqrplf djhqwv +Kdoo/ 4<:;,1 Lq frqvhtxhqfh/ hfrqrplvwv kdyh
ehhq lqwuljxhg e| wkh survshfw ri whvwlqj wkhvh wkhrulhv1 Lq wkh uvw prghuq dwwhpsw
wr gr vr xvlqj xqlw urrw whvwv/ Qhovrq dqg Sorvvhu +4<;5, whvwhg irxuwhhq klvwrulfdo
pdfurhfrqrplf wlph vhulhv iru wkh Xqlwhg Vwdwhv e| wkh DGI whvw1 Wkh wlph vhulhv
vwduw durxqg 4;93 wr 4<3< dqg hqg lq 4<:31 Qhovrq dqg Sorvvhu dqdo|}hg wkh orjd0
ulwkpv ri doo ri wkhvh vhulhv +h{fhsw iru lqwhuhvw udwhv/ zklfk zdv wuhdwhg lq ohyhov, dqg
irxqg hpslulfdo hylghqfh wr vxssruw d xqlw urrw iru wkluwhhq ri wkhp +wkh h{fhswlrq
ehlqj xqhpsor|phqw,1 Vlqfh wkhq/ wkhvh vhulhv kdyh ehhq uh0whvwhg kxqguhgv ri wlphv
zlwk rwkhu phwkrgv/ dqg wkrxvdqgv ri rwkhu wlph vhulhv kdyh ehhq h{dplqhg lq wkh
olwhudwxuh1 Phhvh dqg Vlqjohwrq +4<;5, vwxglhg ydulrxv h{fkdqjh udwh wlph vhulhv dqg
frxog qrw uhmhfw wkh qxoo k|srwkhvlv ri d xqlw urrw> dqg Shuurq +4<;;, dssolhg wkh
vhplsdudphwulf ] whvwv wr wkh Qhovrq0Sorvvhu gdwd dqg vrph rwkhu pdfurhfrqrplf
wlph vhulhv dqg edvlfdoo| frquphg wkh frqfoxvlrq uhdfkhg e| Qhovrq dqg Sorvvhu1
Zkloh lw lv uhfrjql}hg wkdw wkh glvfulplqdwru| srzhu ri xqlw urrw whvwv lv riwhq orz/
wkhuh lv d prxqwlqj erg| ri hylghqfh wkdw pdq| hfrqrplf dqg qdqfldo wlph vhulhv
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duh zhoo fkdudfwhul}hg e| prghov zlwk urrwv dw ru qhdu xqlw|/ dv lq wkh fdvh ri wkh
ohdglqj hfrqrplf lqglfdwruv gdwd judskhg lq Iljxuh 441
Dowkrxjk vwdqgdug whvwv ri wkh xqlw urrw k|srwkhvlv djdlqvw wuhqg vwdwlrqdu| dowhu0
qdwlyhv xvxdoo| fdqqrw uhmhfw wkh qxoo k|srwkhvlv/ rwkhu dssurdfkhv gr qg glhuhqw
uhvxowv1 Iru h{dpsoh/ shuiruplqj d whvw iru wkh qxoo k|srwkhvlv ri vwdwlrqdulw| djdlqvw
wkh dowhuqdwlyh ri d xqlw urrw/ Nzldwnrzvnl hw do1 +4<<5, uhylvlwhg wkh Qhovrq~Sorvvhu
gdwd dqg frxog qrw uhmhfw wkh k|srwkhvlv ri wuhqg vwdwlrqdulw| lq pdq| ri wkhvh wlph
vhulhv +lqfoxglqj uhdo shu fdslwd JQS/ hpsor|phqw/ xqhpsor|phqw udwh/ JQS gh0
dwru/ zdjhv dqg prqh|,1 Whvwv edvhg rq hflhqw ghwuhqglqj e| txdvl0glhuhqflqj
kdyh dovr ehhq dssolhg wr pdfurhfrqrplf wlph vhulhv dqg ydulrxv uhvxowv kdyh ehhq
uhsruwhg1 Iru lqvwdqfh/ dsso|lqj wkh TG ghwuhqghg DGI whvw wr wkh X1V1 JQS gdwd/
Fkhxqj dqg Fklq +4<<8, frxog qrw uhmhfw wkh xqlw urrw k|srwkhvlv lq txduwhuo| gdwd
exw glg jhw glhuhqw uhvxowv zlwk dqqxdo gdwd1
Jlo0Dodqd dqg Urelqvrq +4<<:, dssolhg wkh OP whvw iru d xqlw urrw djdlqvw iudf0
wlrqdo dowhuqdwlyhv wr wkh h{whqghg Qhovrq~Sorvvhu vhulhv +Vfkrwpdq dqg ydq Glmn/
4<<4,1 Dowkrxjk wkhlu uhvxowv ydu| dfurvv wkh irxuwhhq vhulhv dqg dfurvv glhuhqw
prgho vwuxfwxuhv iru wkh vwdwlrqdu| frpsrqhqw x| / wkh| irxqg wkh prvw qrqvwdwlrq0
du| hylghqfh iru wkh frqvxphu sulfh dqg prqh| vwrfn vhulhv/ wuhqg vwdwlrqdu| hylghqfh
iru lqgxvwuldo surgxfwlrq dqg vwdwlrqdu| hylghqfh iru wkh xqhpsor|phqw udwh gdwd1
Xvlqj wkh Qhovrq~Sorvvhu gdwd dqg d X1V1 srvwzdu txduwhuo| uhdo JQS vhulhv/
Shuurq +4<;<, dujxhv wkdw li wkh Juhdw Ghsuhvvlrq lq 4<5< dqg wkh rlo sulfh vkrfn lq
4<:6 duh wuhdwhg dv h{rjhqrxv hyhqwv wkdw fdxvhg vwuxfwxudo fkdqjhv/ wkhq d wuhqg
vwdwlrqdu| uhsuhvhqwdwlrq zlwk vwuxfwxudo fkdqjh lv idyruhg ryhu d xqlw urrw uhsuh0
vhqwdwlrq zlwk vwuxfwxudo fkdqjh1 E| doorzlqj iru wkhvh vwuxfwxudo euhdnv/ Shuurq
uhmhfwhg wkh xqlw urrw k|srwkhvlv dw wkh 8( ohyho ri vljqlfdqfh iru doo ri wkh Qhovrq~
Sorvvhu vhulhv h{fhsw frqvxphu sulfhv/ yhorflw|/ dqg erqg |lhogv1 Fkulvwldqr +4<<5,/
Edqhumhh hw do1 +4<<3,/ dqg ]lyrw dqg Dqguhzv +4<<5, dujxh wkdw Shuurq*v whvwv iru d
xqlw urrw zlwk vwuxfwxudo fkdqjh duh eldvhg ehfdxvh wkh fkrlfhv ri wkh euhdn srlqwv
duh fruuhodwhg zlwk wkh gdwd1 Fkulvwldqr +4<<5, vxjjhvwhg wkdw wkh gdwh ri wkh euhdn
vkrxog eh wuhdwhg dv xqnqrzq dqg/ e| xvlqj whvwv edvhg rq errwvwuds fulwlfdo ydoxhv/
uhdfkhg glhuhqw frqfoxvlrqv iurp Shuurq +4<;<,1 ]lyrw dqg Dqguhzv +4<<5, doorzhg
wkh euhdnsrlqw wr eh hqgrjhqrxv dqg vxjjhvwhg suh0whvwlqj surfhgxuhv wr hvwlpdwh
wkh vwuxfwxudo fkdqjh srlqwv/ qglqj ohvv frpshoolqj hylghqfh djdlqvw wkh xqlw urrw
k|srwkhvlv1
Lq uhfhqw |hduv/ ydulrxv Ed|hvldq dqdo|vhv kdyh ehhq frqgxfwhg rq xqlw urrw whvw0
lqj1 Xvlqj dw sulru Ed|hvldq whfkqltxhv/ GhMrqj dqg Zklwhpdq +4<;<d/e/f, whvwhg
wkh Qhovrq~Sorvvhu vhulhv/ vwrfn sulfhv dqg glylghqg gdwd/ dqg srvwzdu txduwhuo| uhdo
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JQS iru wkh X1V1D1 Wkhlu uhvxowv fkdoohqjhg wkh fodvvlfdo xqlw urrw whvwv uhvxowv lq
pdq| fdvhv1 Vfkrwpdq dqg ydq Glmn +4<<3, dqdo|}hg wkh udqgrp zdon k|srwkhvlv iru
uhdo h{fkdqjh udwhv dqg irxqg pruh hylghqfh lq idyru ri wkh wuhqg vwdwlrqdu| prgho
wkdq fodvvlfdo xqlw urrw whvwv1 Frqwudu| wr wkh frqfoxvlrq ri GhMrqj dqg Zklwhpdq/
Skloolsv +4<<4, surylghg dq dowhuqdwlyh Ed|hvldq dssurdfk xvlqj d Mhuh|v* sulru/
dqg irxqg pruh vxssruw iru wkh xqlw urrw prgho iru vrph vhulhv1 Xvlqj d prglhg
lqirupdwlrq pdwul{0edvhg sulru/ ]lyrw dqg Skloolsv +4<<7, frqvlghuhg dxwruhjuhvvlyh
prghov zlwk wwhg ghwhuplqlvwlf wuhqgv doorzlqj iru fhuwdlq w|shv ri vwuxfwxudo fkdqjh1
Wkhlu uhvxowv duh jhqhudoo| lq dffrug zlwk wkrvh ri Skloolsv +4<<4,1 Lq dgglwlrq/ wkhlu
Ed|hvldq dqdo|vlv dovr vkrzv hylghqfh ri wuhqg euhdnv lq vrph ri wkh pdfurhfrqrplf
vhulhv zlwk euhdnv rffxuulqj durxqg 4<5</ sduwldoo| vxssruwlqj wkh frqfoxvlrq uhdfkhg
e| Shuurq +4<;<,1 Lw lv dovr vkrzq lq ]lyrw dqg Skloolsv +4<<7, dqg lq rwkhu zrun
wkdw wkh fkrlfh ri sulru fdq eh lpsruwdqw lq glvwlqjxlvklqj ehwzhhq glhuhqw prghov1
Xvlqj wkh h{whqghg Qhovrq~Sorvvhu gdwd dqg d Ed|hvldq surfhgxuh wkdw frqvlvwhqwo|
fodvvlhv wkh wlph vhulhv dv L+4, ru L+3,/ Vwrfn +4<<7, rewdlq uhvxowv odujho| vxssruwlqj
wkh xqlw urrw k|srwkhvlv1 Dsso|lqj wkh prgho vhohfwlrq fulwhulrq cSLF* wr wkh Qhovrq~
Sorvvhu gdwd dqg doorzlqj iru prgho vhohfwlrq ri ghwhuplqlvwlf wuhqg frpsrqhqwv dqg
odj ohqjwk lq wkh dxwruhjuhvvlrqv/ Skloolsv dqg Sorehujhu +4<<7, irxqg hohyhq rxw ri
wkh irxuwhhq wlph vhulhv wr eh vwrfkdvwlfdoo| qrqvwdwlrqdu|1
Ri frxuvh/ xqlw urrw lvvxhv lq pxowlyduldwh wlph vhulhv kdyh dovr dwwudfwhg d jrrg
ghdo ri uhvhdufk/ dqg wkh DGI dqg vhpl0sdudphwulf ] whvwv kdyh ehhq h{whqvlyho|
xvhg wr whvw iru wkh suhvhqfh ri frlqwhjudwlrq xvlqj uhvlgxdo edvhg dssurdfkhv1 Wkh
whvwv duh xvhg lq wkh vdph zd| dv vwdqgdug xqlw urrw whvwv dqg kdyh wkh vdph qxoo
k|srwkhvlv/ exw wkh gdwd duh wkh uhvlgxdov iurp d ohdvw vtxduhv frlqwhjudwlqj uhjuhv0
vlrq/ dqg wkh dowhuqdwlyh k|srwkhvlv +ri frlqwhjudwlrq, lv qrz wkh pdlq k|srwkhvlv
ri lqwhuhvw +Hqjoh dqg Judqjhu/ 4<;:> Skloolsv dqg Rxoldulv/ 4<<3,1 Wkh prgho lv
dqdorjrxv wr +4,/ exw erwk yduldeohv || dqg {| kdyh xqlw urrwv dqg ||r lv vwdwlrqdu|
xqghu wkh dowhuqdwlyh k|srwkhvlv dqg xqlw urrw qrqvwdwlrqdu| xqghu wkh qxoo1 Wkh
olplw wkhru| iru wkhvh uhvlgxdo edvhg whvwv zdv ghyhorshg lq Skloolsv dqg Rxoldulv
+4<<3,1 Wkhuh duh dovr dssurdfkhv wr frlqwhjudwlrq whvwlqj wkdw uho| rq olnholkrrg
udwlr phwkrgv +Mrkdqvhq/ 4<<9, lq yhfwru dxwruhjuhvvlrqv dqg wkhvh ohdg wr whvwv zlwk
dv|pswrwlf glvwulexwlrqv wkdw duh vlpsoh pxowlyduldwh dqdorjxhv ri wkrvh jlyhq lq +;,
dqg +45,1 D odujh hpslulfdo olwhudwxuh kdv ghyhorshg durxqg wkhvh whfkqltxhv1 Pruh
uhfhqwo|/ prgho vhohfwlrq phwkrgv kdyh ehhq dgyrfdwhg lq Skloolsv +4<<9, dqg Fkdr
dqg Skloolsv +4<<9/ 4<<:,1 Lq wklv zrun/ prgho vhohfwlrq lv xvhg wr vlpxowdqhrxvo|
fkrrvh wkh odj ohqjwk dqg frlqwhjudwlqj udqn lq d YDU ri srvvleoh uhgxfhg udqn1
Wkh phwkrg lv h{wuhpho| hdv| wr xvh dqg olnh wkh SLF whvw iru d xqlw urrw wkdw lv
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glvfxvvhg lq Vhfwlrq / surgxfhv frqvlvwhqw hvwlpdwhv ri odj ohqjwk dqg frlqwhjudwlqj
udqn1 Wkh phwkrgv kdyh ehhq xvhg zlwk vrph vxffhvv lq vlpxodwlrqv +Skloolsv/ 4<<;,
dqg lq h{ dqwh iruhfdvwlqj h{huflvhv zlwk pdfurhfrqrplf gdwd iru wkh XVD dqg vhyhudo
Dvld~Sdflf frxqwulhv +Skloolsv/ 4<<8,1
Xqlw urrw wkhru| sod|v d pdmru uroh lq prghuq wlph vhulhv hfrqrphwulfv dqg zhdn
frqyhujhqfh phwkrgv dqg ixqfwlrq vsdfh dv|pswrwlfv kdyh rshqhg xs wkh hfrqrphw0
ulf dqdo|vlv ri qrqvwdwlrqdu| uhjuhvvlrq prghov1 Zkloh d pxowlwxgh ri whvw surfhgxuhv
duh dydlodeoh iru hydoxdwlqj hylghqfh lq vxssruw ri xqlw urrw qrqvwdwlrqdulw|/ iudf0
wlrqdo lqwhjudwlrq dqg vkruw phpru| vwdwlrqdulw|/ wkh pdlq sulqflsohv ri vwdwlvwlfdo
whvwlqj duh dqdorjrxv wr wkrvh lq vwdwlrqdu| wlph vhulhv dqg pdq| ri wkh vdph lvvxhv
jxuh lq wkh dqdo|vlv1 Krzhyhu/ wkh qrqvwdqgdug olplw wkhru| ri xqlw urrw whvwv grhv
frpsolfdwh fodvvlfdo lqihuhqfh dqg wkhuh duh lpsruwdqw qhz lvvxhv wkdw dulvh iurp wkh
qrqsdudphwulf wuhdwphqw ri wkh vwdwlrqdu| frpsrqhqw dqg wkh h{lvwhqfh ri ydolg do0
whuqdwlyh prghov iru qrqvwdwlrqdu| gdwd/ dv glvfxvvhg lq Vhfwlrq 6181 Ixuwkhu/ xqlw
urrw prghov surylgh dq lqwhuhvwlqj fdvh ri glyhujhqfh ehwzhhq wkh dv|pswrwlf ehkdy0
lru ri Ed|hvldq dqg fodvvlfdo hvwlpdwruv dqg whvwv1 Wkh| dovr surylgh dq lqvwdqfh ri
wkh dv|pswrwlf idloxuh ri wkh errwvwuds1 Zlwk wkhvh lqwhuhvwlqj fkdudfwhulvwlfv/ lw lv
kdugo| vxusulvlqj wkdw wkh hog kdv dwwudfwhg vr pxfk dwwhqwlrq lq wkh odvw 48 |hduv1
Dgglwlrqdoo|/ prvw hfrqrplf wlph vhulhv kdyh fohduo| hylghqw qrqvwdwlrqdu| hpslulfdo
fkdudfwhulvwlfv/ dqg wkhuh duh vwurqj uhdvrqv lq hfrqrplf wkhru| iru jlylqj dwwhqwlrq
wr wkh pduwlqjdoh k|srwkhvlv dqg iru zdqwlqj wr glvwlqjxlvk ehwzhhq prghov zlwk
shuvlvwhqw dqg qrq shuvlvwhqw vkrfnv1 Iru doo wkhvh uhdvrqv/ wkh hog kdv dwwudfwhg d
ixoo vsuhdg ri sduwlflsdqwv iurp hpslulfdo pdfurhfrqrplvwv lqwhuhvwhg lq jurzwk dqg
qdqfh wkhrulvwv lqwhuhvwhg lq hflhqw pdunhwv/ wkurxjk wr hfrqrphwulfldqv dqg vwd0
wlvwlfldqv lqwhuhvwhg lq wkh ghyhorsphqw ri qhz whvwlqj surfhgxuhv/ dv|pswrwlf wkhru|
dqg xqlhg phwkrgv ri lqihuhqfh iru gdwd ri wklv w|sh1
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Dndlnh/ K1/ 4<::/ _Rq hqwurs| pd{lpl}dwlrq sulqflsoh/% Lq S1U1 Nulvkqdudk +hg1,/
Dssolfdwlrqv ri Vwdwlvwlfv1 Dpvwhugdp= Qruwk~Kroodqg/ 4<::/ ss1 5:~741
Dqguhzv/ G1Z1N1/ 4<<4/ _Khwhurvnhgdvwlflw| dqg dxwrfruuhodwlrq frqvlvwhqw frydul0
dqfh pdwul{ hvwlpdwlrq/% Hfrqrphwulfd/ 8</ ;4:~;8;1
Dqguhzv/ G1Z1N1 dqg M1F1 Prqdkdq/ 4<<5/ _Dq lpsuryhg khwhurvnhgdvwlflw| dqg
dxwrfruuhodwlrq frqvlvwhqw fryduldqfh pdwul{ hvwlpdwru/% Hfrqrphwulfd/ 93/ <86~
<991
Edl/ Mxvkdq/ 4<<:/ _Hvwlpdwlqj pxowlsoh euhdnv rqh dw d wlph/% Hfrqrphwulf Wkhru|/
46/ 648~6851
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Edloolh/ U1/ W1 Eroohuvohy dqg K1 Plnnhovhq/ _Iudfwlrqdoo| lqwhjudwhg jhqhudol}hg
dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw|/% Mrxuqdo ri Hfrqrphwulfv/ :7+4,/
Vhswhpehu/ 6~631
Edqhumhh/ D1/ U1O1 Oxpvgdlqh dqg M1K1 Vwrfn/ 4<<3/ _Uhfxuvlyh dqg vhtxhqwldo whvwv
iru d xqlw urrw= Wkhru| dqg lqwhuqdwlrqdo hylghqfh/% pdqxvfulsw/ Kduydug Xql0
yhuvlw|/ Fdpeulgjh/ PD1
Ehudq/ M1/ 4<<5/ _Vwdwlvwlfdo Prghov iru Gdwd zlwk orqj0udqjh ghshqghqfh +zlwk
glvfxvvlrq,%/ Vwdwlvwlfdo Vflhqfh/ 7/ 737~75:1
Ehun/ N1Q1/ 4<:7/ _Frqvlvwhqw Dxwruhjuhvvlyh Vshfwudo Hvwlpdwhv%/ Dqqdov ri Vwd0
wlvwlfv/ 5/ 7;<~8351
Edvdzd/ L1Y1/ D1N1 Pdooln/ Z1S1 PfFruplfn dqg U1O1 Wd|oru/ 4<<4d/ _Errwvwuds0
slqj xqvwdeoh uvw rughu dxwruhjuhvvlyh surfhvv/% Dqqdov ri Vwdwlvwlfv/ 4</ 43<;~
44341
Edvdzd/ L1Y1/ D1N1 Pdooln/ Z1S1 PfFruplfn dqg U1O1 Wd|oru/ 4<<4e/ _Errwvwuds0
slqj whvw ri vljqlfdqfh dqg vhtxhqwldo errwvwuds hvwlpdwlrq iru xqvwdeoh uvw
rughu dxwruhjuhvvlyh surfhvvhv/% Frppxqlfdwlrq lq Vwdwlvwlfv/ 53/ 4348~43591
Ehyhulgjh/ V1 dqg U1 Qhovrq/ 4<;4/ _D qhz dssurdfk wr ghfrpsrvlwlrq ri wlph
vhulhv lq shupdqhqw dqg wudqvlwru| frpsrqhqwv zlwk sduwlfxodu dwwhqwlrq wr
phdvxuhphqw ri wkh cexvlqhvv f|foh*/% Mrxuqdo ri Prqhwdu| Hfrqrplfv/ :/ 484~
4:71
Ekdujdyd/ D1/ 4<;9/ _Rq wkh wkhru| ri whvwlqj iru xqlw urrwv lq revhuyhg wlph vhulhv/%
Uhylhz ri Hfrqrplf Vwxglhv/ 86/ 69<06;71
Eorxjk/ V1U1/ 4<<5/ _Wkh uhodwlrqvkls ehwzhhq srzhu dqg ohyho iru jhqhulf xqlw urrw
whvwv lq qlwh vdpsohv/% Mrxuqdo ri Dssolhg Hfrqrphwulfv/ :/ 5<8~63;1
Ervh/ D1/ 4<;;/ _Hgjhzruwk fruuhfwlrq e| errwvwuds lq dxwruhjuhvvlrqv/% Dqqdov ri
Vwdwlvwlfv/ 49/ 4:3<~4:551
Fdqmhov/ Q1 Dqg P1 Zdwvrq/ 4<<:/ _Hvwlpdwlqj ghwhuplqlvwlf wuhqgv lq wkh suhvhqfh
ri vhuldoo| fruuhodwhg huuruv/% Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :</ 4;705331
Fkdq/ Q1K1 dqg F1] Zhl/ 4<;:/ _Dv|pswrwlf lqihuhqfh iru qhduo| qrqvwdwlrqdu|
DU+4, surfhvvhv/% Dqqdov ri Vwdwlvwlfv/ 48/ 4383~43961
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Fkdq Q1 K1 ) F1 ]1 Zhl/ 4<;;/ _Olplwlqj glvwulexwlrqv ri ohdvw vtxduhv hvwlpdwhv ri
xqvwdeoh dxwruhjuhvvlyh surfhvvhv/% Dqqdov ri Vwdwlvwlfv/ 49/ 69:~7341
Fkdr/ M1 dqg S1F1E1 Skloolsv/ 4<<7/ _Ed|hvldq prgho vhohfwlrq lq sduwldoo| qrq0
vwdwlrqdu| yhfwru dxwruhjuhvvlyh surfhvvhv zlwk uhgxfhg udqn vwuxfwxuh/% \doh
Xqlyhuvlw|/ plphrjudskhg1
Fkdr/ M1 dqg S1F1E1 Skloolsv +4<<9,1 _Dq hpslulfdo Ed|hvldq dssurdfk wr frlqwhjud0
wlrq udqn vhohfwlrq dqg whvw ri wkh suhvhqw ydoxh prgho iru vwrfn sulfhv1% Lq M1F1
Ohh dqg D1 ]hooqhu +hgv1,/ Suhglfwlrq/ Iruhfdvwlqj dqg Prgholqj lq Vwdwlvwlfv dqg
Hfrqrphwulfv1 Vsulqjhu~Yhuodj/ 4<<91
Fkdr/ M1 dqg S1F1E1 Skloolsv +4<<:,1 _Prgho vhohfwlrq lq sduwldoo| qrqvwdwlrqdu| yhf0
wru dxwruhjuhvvlyh surfhvvhv zlwk uhgxfhg udqn vwuxfwxuh/% Frzohv Irxqgdwlrq
Glvfxvvlrq Sdshu Qr1 44881
Gdzlg/ D1S1/ 4<;7/ _Wkh suhtxhqwldo dssurdfk%/ Mrxuqdo ri Ur|do Vwdwlvwlfdo Vrflhw|
D/ 47:/ 5:;~5<51
GhMrqj/ G1Q1 dqg F1K1 Zklwhpdq/ 4<;<d/ _Wuhqgv dqg udqgrp zdonv lq pdfur0
hfrqrplf wlph vhulhv= D uhfrqvlghudwlrq edvhg rq wkh olnholkrrg sulqflsoh/%
Zrunlqj Sdshu Qr1 4<;<07/ Xqlyhuvlw| ri Lrzd1
GhMrqj/ G1Q1 dqg F1K1 Zklwhpdq/ 4<;<e/ _Wkh whpsrudo vwdelolw| ri glylghqgv
dqg vwrfn sulfhv= Hylghqfh iurp wkh olnholkrrg ixqfwlrq/% Dphulfdq Hfrqrplf
Uhylhz/ ;4/ 933094:1
GhMrqj/ G1Q1 dqg F1K1 Zklwhpdq/ 4<;<f/ _Wuhqgv dqg f|fohv dv xqrevhuyhg frp0
srqhqwv lq uhdo JQS= D Ed|hvldq shuvshfwlyh/% Surfhhglqjv ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ 960:31
GhMrqj/ G1Q1/ M1F1 Qdqnhuylv/ Q1H1 Vdylq dqg F1K1 Zklwhpdq/ 4<<5/ _Wkh srzhu
sureohpv ri xqlw urrw whvwv iru wlph vhulhv zlwk dxwruhjuhvvlyh huuruv/% Mrxuqdo
ri Hfrqrphwulfv/ 86/ 6560761
Glfnh|/ G1D1 dqg Z1D1 Ixoohu/ 4<:</ _Glvwulexwlrq ri hvwlpdwruv iru dxwruhjuhvvlyh
wlph vhulhv zlwk d xqlw urrw/% Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/
:7/ 75:~7641
Glfnh|/ G1D1 ) Z1D1 Ixoohu/ 4<;4/ _Olnholkrrg udwlr whvwv iru dxwruhjuhvvlyh wlph
vhulhv zlwk d xqlw urrw/% Hfrqrphwulfd/ 7</ 438:~43:51

74

Glfnh|/ G1D1/ K1S1 Kdv}d/ dqg Z1D1 Ixoohu/ 4<;7/ _Whvwlqj iru xqlw urrwv lq vhdvrqdo
wlph vhulhv/% MDVD/ :</ 688~69:1
Glherog/ I1 dqg J1G1 Uxghexvfk/ 4<<4/ _Rq wkh srzhu ri Glfnh|~Ixoohu whvwv djdlqvw
iudfwlrqdo dowhuqdwlyhv%/ Hfrqrplf Ohwwhuv/ 68/ 488~4931
Gxirxu/ M1 dqg P1 O1 Nlqj/ 4<<4/ _Rswlpdo lqyduldqw whvwv iru wkh dxwrfruuhodwlrq fr0
hflhqw lq olqhdu uhjuhvvlrqv zlwk vwdwlrqdu| dqg qrqvwdwlrqdu| DU+4, huuruv/%
Mrxuqdo ri Hfrqrphwulfv/ 7:/ 448~4761
Gxh/ G1/ 4<;;/ Vhfxulw| Pdunhwv= Vwrfkdvwlf Prghov1 Vdq Glhjr= Dfdghplf Suhvv1
Gxuodxi/ V1 dqg S1F1E1 Skloolsv/ 4<;;/ _Wuhqgv yhuvxv udqgrp zdonv lq wlph vhulhv
dqdo|vlv%/ Hfrqrphwufd/ 89/ 989~9:91
Hoolrw/ J1/ W1 M1 Urwkhqehuj dqg M1 K1 Vwrfn/ 4<<9/ _Hflhqw whvwv iru dq dxwruh0
juhvvlyh xqlw urrw/% Hfrqrphwufd/ 97/ ;46~;691
Hqjoh/ U1I1 dqg F1Z1M1 Judqjhu/ 4<;:/ _Frlqwhjudwlrq dqg huuru fruuhfwlrq= uhsuh0
vhqwdwlrq/ hvwlpdwlrq dqg whvwlqj/% Hfrqrphwulfd/ 88/ 584~5:91
Hydqv/ J1 E1 D1 dqg Q1 H1 Vdylq/ 4<;4/ _Wkh fdofxodwlrq ri wkh olplwlqj glvwulexwlrq
ri wkh ohdvw vtxduhv hvwlpdwru ri wkh sdudphwhu lq d udqgrp zdon prgho/% Dqqdov
ri Vwdwlvwlfv/ </4447~444;1
Ihuuhwwl/ Q1 dqg M1 Urpr/ 4<<7/ Xqlw urrw errwvwuds whvwv iru DU+4, prghov/ zrunlqj
sdshu/ Glylvlrq ri Hfrqrplfv/ Xqlyhuvlgdg Fduorv LLL gh Pdgulg1
Iuhhgpdq/ G1D1/ 4<;7/ _Rq errwvwudsslqj wzr0vwdjh ohdvw vtxduhv hvwlpdwhv lq vwd0
wlrqdu| olqhdu prghov/% Dqqdov ri Vwdwlvwlfv/ 45/ ;5:~;751
ydq Jlhuvehujhq/ Q1S1D1/ 4<<8/ Errwvwudsslqj xqlw urrw whvwv lq wkh DU+4, prgho
zlwk guliw/% pdqxvfulsw/ Xqlyhuvlw| ri Dpvwhugdp1
Jlo0Dodqd/ O1D1 dqg S1P1 Urelqvrq/ 4<<:/ _Whvwlqj ri xqlw urrw dqg rwkhu qrqvwd0
wlrqdu| k|srwkhvlv lq pdfurhfrqrplf wlph vhulhv/% Mrxuqdo ri Hfrqrphwulfv/
574~59;1
Juhqdqghu/ X1 dqg P1 Urvhqeodww/ 4<8:/ Vwdwlvwlfdo Dqdo|vlv ri Vwdwlrqdu| Wlph
Vhulhv1 Qhz \run= Mrkq Zloh|1
Kdoo/ U1H1/ 4<:;/ _Vwrfkdvwlf lpsolfdwlrqv ri wkh olih f|foh0shupdqhqw lqfrph k|0
srwkhvlv= Wkhru| dqg hylghqfh/% Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;9/ <:4~<;:1
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Kdoo/ S1 dqg F1F1 Kh|gh/ 4<;3/ Pduwlqjdoh Olplw Wkhru| dqg lwv Dssolfdwlrqv1 Qhz
\run= Dfdghplf Suhvv1
Kdvdq/ P1Q1 dqg U1Z1 Nrhqnhu/ 4<<:/ _Urexvw udqn whvwv ri wkh xqlw urrw k|srwk0
hvlv/% Hfrqrphwulfd/ 98/ 46604941
Kh|gh/ F1 F1 dqg L1 P1 Mrkqvwrqh +4<:<,1 _Rq dv|pswrwlf srvwhulru qrupdolw| iru
vwrfkdvwlf surfhvvhv/% Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| 74/ 4;7~4;<1
Kxuylfk/ F1 P1/ U1 Ghr dqg M1 Eurgvn| +4<<;,1 _ Wkh phdq vtxduhg huuru ri Jhzhnh
dqg Sruwhu Kxgdn*v hvwlpdwru ri wkh phpru| sdudphwhu ri d orqj0phpru| wlph
vhulhv/% Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 4</ 4<~791
K|oohehuj/ V1/ U1I1 Hqjoh/ F1Z1M1 Judqjhu dqg V1 \rr/ 4<<3/ _Vhdvrqdo lqwhjudwlrq
dqg frlqwhjudwlrq/% Mrxuqdo ri Hfrqrphwulfv/ 77/ 548~56;1
K|oohehuj/ V1 +hg1,/ 4<<5/ Prghoolqj Vhdvrqdolw|1 R{irug= R{irug Xqlyhuvlw| Suhvv1
Mhjdqdwkdq/ S1/ 4<<4/ _Rq wkh dv|pswrwlf ehkdylru ri ohdvw vtxduhv hvwlpdwruv lq DU
wlph vhulhv zlwk urrwv qhdu wkh xqlw flufoh/% Hfrqrphwulf Wkhru|/ :/ 59<~6391
Mhjdqdwkdq/ S1/ 4<<8/ _Vrph dvshfwv ri dv|pswrwlf wkhru| zlwk dssolfdwlrqv wr wlph
vhulhv prghov/% Hfrqrphwulf Wkhru|/ 44/ ;4;~;;:1
Ndvk|ds/ U1 dqg N1 Hrp 4<;;/ _Hvwlpdwlrq lq orqj0phpru| wlph vhulhv prghov/%
Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ </ 68~741
Nlp/ M0\1/ 4<<7/ _Ed|hvldq dv|pswrwlf wkhru| lq d wlph vhulhv prgho zlwk d srvvleoh
qrqvwdwlrqdu| surfhvv/% Hfrqrphwulf Wkhru|/ 43/ :97~::61
Nlqj P1 O1/ 4<;;/ _Wrzdugv d wkhru| ri srlqw rswlpdo whvwlqj/% Hfrqrphwulf Uh0
ylhzv/ 9/ 49<~54;1
Nxqvfk/ K1U1/ 4<;9/ _Glvfulplqdwlrq ehwzhhq orqj udqjh ghshqghqfh dqg prqrwrqlf
wuhqgv/% Mrxuqdo ri Dssolhg Suredelolw|/ 56/ 4358~43631
Nzldwnrzvnl/ G1/ S1F1E1 Skloolsv/ S1 Vfkplgw dqg \1 Vklq/ 4<<5/ _Whvwlqj wkh qxoo
k|srwkhvlv ri vwdwlrqdulw| djdlqvw wkh dowhuqdwlyh ri d xqlw urrw= Krz vxuh duh
zh wkdw hfrqrplf wlph vhulhv kdyh d xqlw urrwB%/ Mrxuqdo ri Hfrqrphwulfv/ 87/
48<~4:;1
Odl/ W1O1 dqg F1]1 Zhl/ 4<;51 _Ohdvw vtxduhv hvwlpdwlrq lq vwrfkdvwlf uhjuhvvvlrq
prghov zlwk dssolfdwlrqv wr lghqwlfdwlrq dqg frqwuro ri g|qdplf v|vwhpv/%
Dqqdov ri Vwdwlvwlfv/ 43/ 487~4991
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Odl/ W1O1 dqg G1 Vhljpxqg/ 4<;61 _Il{hg dffxudf| hvwlpdwlrq ri dq dxwruhjuhvvlyh
sdudphwhu/% Dqqdov ri Vwdwlvwlfv/ 44/ 7:;~7;81
Ohh/ F1F1 dqg S1F1E1 Skloolsv/ 4<<7/ _Dq DUPD suh0zklwhqhg orqj uxq yduldqfh
hvwlpdwru/% \doh Xqlyhuvlw|/ plphrjudskhg1
Oh|erxuqh V1M1 dqg E1S1P1 PfFdeh/ 4<<7/ _D frqvlvwhqw whvw iru d xqlw urrw/%
Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 45/ 48:~4991
Oxpvgdlqh/ U1O1/ dqg G1K1 Sdshoo/ 4<<8/ _Pxowlsoh wuhqg euhdnv dqg wkh xqlw urrw
k|srwkhvlv/% pdqxvfulsw/ Sulqfhwrq Xqlyhuvlw|1
PdfQhloo/ L1E1/ 4<:;/ _Surshuwlhv ri vhtxhqfhv ri sduwldo vxpv ri sro|qrpldo uhjuhv0
vlrq uhvlgxdov zlwk dssolfdwlrqv wr whvwv iru fkdqjh ri uhjuhvvlrq dw xqnqrzq
wlphv/% Dqqdov ri Vwdwlvwlfv/ 9/ 755~7661
PfDohhu P1 dqg S1 K1 Iudqvhv/ 4<<;/ _Frlqwhjudwlrq Dqdo|vlv ri Vhdvrqdo Wlph
Vhulhv/% lq Sudfwlfdo Lvvxhv lq Frlqwhjudwlrq Dqdo|vlv/ Eodfnzhoo/ R{irug +iruwk0
frplqj,1
Phhvh/ U1D1 dqg N1M1 Vlqjohwrq/ 4<;5/ _Rq xqlw urrwv dqg wkh hpslulfdo prgholqj
ri h{fkdqjh udwh/% Mrxuqdo ri Ilqdqfh/ 6:/ 435<~43681
Qdqnhuylv/ M1F1 dqg Vdylq/ Q1H1/ 4<;;/ _Wkh ohyho dqg srzhu ri wkh errwvwuds w0
whvw lq wkh DU+4, prgho zlwk wuhqg/% pdqxvfulsw/ Ghsduwphqw ri Hfrqrplfv/
Xqlyhuvlw| ri Vxuuh| dqg Xqlyhuvlw| ri Lrzd1
Qhovrq/ F1U1 dqg F1 Sorvvhu/ 4<;5/ _Wuhqgv dqg udqgrp zdonv lq pdfur0hfrqrplf
wlph vhulhv= vrph hylghqfh dqg lpsolfdwlrqv/% Mrxuqdo ri Prqhwdu| Hfrqrplfv/
43/ 46<~4951
Qdeh|d/ V1 dqg N1 Wdqdnd/ 4<;;/ _Dv|pswrwlf wkhru| ri d whvw iru wkh frqvwdqf| ri
uhjuhvvlrq frhflhqwv djdlqvw wkh udqgrp zdon dowhuqdwlyh/% Dqqdov ri Vwdwlv0
wlfv/ 49/ 54;~5681
Qj/ V1 dqg S1 Shuurq/ 4<<8/ _Xqlw urrw whvwv lq DUPD prghov zlwk gdwd ghshq0
ghqw phwkrgv iru wkh vhohfwlrq ri wkh wuxqfdwlrq odj%/ Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ <3/ 59;~5;41
Qj1 V1/ dqg S1 Shuurq/ 4<<;/ _Surshuwlhv ri wkh dxwruhjuhvvlyh vshfwudo ghqvlw|
hvwlpdwru dw iuhtxhqf| }hur lq DULPD surfhvv/% iruwkfrplqj/ Hfrqrphwulf
Wkhru|1
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Rveruq/ G1U1/ D1S1O1 Fkxl/ M1S1 Vplwk/ dqg F1U1 Elufkhqkdoo +4<;;,/ _Vhdvrqdolw|
dqg wkh rughu ri lqwhjudwlrq iru frqvxpswlrq/% R{irug Exoohwlq ri Hfrqrplfv
dqg Vwdwlvwlfv/ 83/ 694~69;1
Rveruq/ G1U1 dqg M1S1 Vplwk/ 4<;</ _Wkh shuirupdqfh ri shulrglf dxwruhjuhvvlyh
prghov lq iruhfdvwlqj vhdvrqdo X1N1 frqvxpswlrq/% Mrxuqdo ri Exvlqhvv dqg
Hfrqrplf Vwdwlvwlfv/ :/ 44:~45;1
Rxoldulv/ V1/ M1\1 Sdun dqg S1F1E1 Skloolsv/ 4<;</ _Whvwlqj iru d xqlw urrw lq wkh
suhvhqfh ri d pdlqwdlqhg wuhqg1% Lq E1 Udm +hg1,/ Dgydqfhv lq Hfrqrphwulfv
dqg Prghoolqj1 Dpvwhugdp= Noxzhu/ ss1 :~5;1
Rxoldulv/ V1 dqg S1F1E1 Skloolsv/ 4<<7/ Frlqw 5131 Pdsoh Ydooh|/ ZD= Dswhfk V|v0
whpv1
Sdun/ M1\1 dqg M1 Vxqj/ 4<<7/ _Whvwlqj iru xqlw urrwv lq prghov zlwk vwuxfwxudo
fkdqjh/% Hfrqrphwulf Wkhru|/ 43/ <4:~<691
Shuurq/ S1/ 4<;;/ _Wuhqg dqg udqgrp zdonv lq pdfurhfrqrplf wlph vhulhv= Ixuwkhu
hylghqfh iurp d qhz dssurdfk/% Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/
45/ 5<:~6651
Shuurq/ S1/ 4<;</ _Wkh juhdw fudvk/ wkh rlo sulfh vkrfn dqg wkh xqlw urrw k|srwkhvlv/%
Hfrqrphwulfd/ 8:/ 4694~47341
Skloolsv/ S1F1E1/ 4<;9/ _Xqghuvwdqglqj vsxulrxv uhjuhvvlrq lq hfrqrphwulfv/% Mrxuqdo
ri Hfrqrphwulfv/ 66/ 644~6731
Skloolsv/ S1F1E1/ 4<;:d/ _Wlph vhulhv uhjuhvvlrq zlwk d xqlw urrw/% Hfrqrphwulfd/
88/ 5::~6351
Skloolsv/ S1F1E1/ 4<;:e/ _Wrzdugv d xqlhg dv|pswrwlf wkhru| ri dxwruhjuhvvlrq1%
Elrphwulnd/ :7/ 868~87:1
Skloolsv/ S1F1E1/ 4<<4/ _Wr fulwlfl}h wkh fulwlfv= dq remhfwlyh Ed|hvldq dqdo|vlv ri
vwrfkdvwlf wuhqgv/% Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 9/ 666~6971
Skloolsv/ S1F1E1/ 4<<9d/ _H{dpsoh ri dq rswlpdo lghpsrwhqw qrq ruwkrjrqdo surmhf0
wru lq O2 ^3> 4`/% uhvhdufk qrwh/ \doh Xqlyhuvlw|1
Skloolsv/ S1F1E1/ 4<<9e/ _Hfrqrphwulf prgho ghwhuplqdwlrq/% Hfrqrphwulfd/ 97/
:96~;451
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Skloolsv/ S1F1E1/ 4<<;d/ _Qhz wrrov iru xqghuvwdqglqj vsxulrxv uhjuhvvlrq/% Hfrqr0
phwulfd +iruwkfrplqj,1
Skloolsv/ S1F1E1/ 4<<;e/ _Wkh lqydolglw| ri fulwlfdo ydoxhv ri whvwv iru xqlw urrwv
djdlqvw wuhqg dowhuqdwlyhv/% lq surjuhvv1
Skloolsv/ S1F1E1/ 4<<;f/ _Jdxvvldq vhplsdudphwulf hvwlpdwlrq ri iudfwlrqdo lqwhjud0
wlrq  wkh qrqvwdwlrqdu| fdvh/% \doh Xqlyhuvlw|1
Skloolsv/ S1F1E1 Dqg F1F1 Ohh/ 4<<9/ _Hflhqf| jdlqv iurp txdvl0glhuhqflqj xqghu
qrqvwdwlrqdulw|1% Lq S1P1 Urelqvrq dqg P1 Urvhqeodww +hgv1,/ Dwkhqv Frq0
ihuhqfh rq Dssolhg Suredelolw| dqg Wlph Vhulhv= Hvvd|v lq Phpru| ri H1M1
Kdqqdq/ Vsulqjhu~Yhuodj= Qhz \run1
Skloolsv/ S1F1E1 dqg V1 Rxoldulv/ 4<<3/ _Dv|pswrwlf surshuwlhv ri uhvlgxdo edvhg whvwv
iru frlqwhjudwlrq/% Hfrqrphwulfd/ 8;/ 498~4<71
Skloolsv/ S1F1E1 dqg S1 Shuurq/ 4<;;/ _Whvwlqj iru xqlw urrwv lq wlph vhulhv uhjuhv0
vlrq/% Elrphwulnd/ :8/ 668~6791
Skloolsv/ S1F1E1 dqg Z1 Sorehujhu/ 4<<7/ _Srvwhulru rggv whvwlqj iru d xqlw urrw zlwk
gdwd0edvhg prgho vhohfwlrq/% Hfrqrphwulf Wkhru|/ 43/ ::7~;3;1
Skloolsv/ S1F1E1 dqg Z1 Sorehujhu/ 4<<9/ _Dq dv|pswrwlf wkhru| ri Ed|hvldq lqihu0
hqfh iru wlph vhulhv/% Hfrqrphwulfd/ 97/ 6;407451
Skloolsv/ S1F1E1 dqg Y1 Vror/ 4<<5/ _Dv|pswrwlfv iru olqhdu surfhvvhv/% Dqqdov ri
Vwdwlvwlfv/ 53/ <:4~43341
Sruwhu0Kxgdn/ Vxvdq/ 4<<3/ _Dq dssolfdwlrq ri wkh vhdvrqdo iudfwlrqdoo| glhuhqfhg
prgho wr wkh prqhwdu| djjuhjdwhv/% Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvr0
fldwlrq/ ;8/ 66;~6771
Ulvvdqhq/ M1/ 4<:;/ _Prgholqj e| vkruwhvw gdwd ghvfulswlrq/% Dxwrpdwlfd/ 47/ 798~
7:4
Ulvvdqhq/ M1 4<;9/ _Vwrfkdvwlf frpsoh{lw| dqg prgholqj/% Dqqdov ri Vwdwlvwlfv/ 47/
43;3~4433
Urelqvrq/ S1/ 4<<7/ _Wlph vhulhv zlwk vwurqj ghshqghqfh1% Lq F1 Vlpv +hg1,/ Dg0
ydqfhv lq Hfrqrphwulfv/ Vl{wk Zruog Frqjuhvv1 Fdpeulgjh= Fdpeulgjh Xql0
yhuvlw| Suhvv1
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Urelqvrq/ S1P1/ 4<<7/ _Hflhqw whvwv ri qrqvwdwlrqdu| k|srwkhvlv/% Mrxuqdo ri wkh
Dphulfdp Vwdwlvwlfdo Dvvrfldwlrq/ ;</ 4753~476:1
Vdlg/ V1H1 dqg G1D1 Glfnh|/ 4<;7/ _Whvwlqj iru xqlw urrwv lq dxwruhjuhvvlyh0prylqj
dyhudjh prghov ri xqnqrzq rughu/% Elrphwulnd/ :4/8<<~93;1
Vdlnnrqhq/ S1 dqg U1 Oxxnnrqhq/ 4<<6/ _Whvwlqj iru d prylqj dyhudjh xqlw urrw
lq dxwruhjuhvvlyh lqwhjudwhg prylqj dyhudjh prghov/% Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ ;;/ 8<9~9341
Vdujdq/ M1 G1 dqg D1 Ekdujdyd/ 4<;6/ _Whvwlqj uhvlgxdov iurp ohdvw vtxduhv uhjuhvvlrq
iru ehlqj jhqhudwhg e| wkh Jdxvvldq udqgrp zdon/% Hfrqrphwulfd/ 84/ 486~
4:71
Vfkplgw/ S1 dqg S1F1E1 Skloolsv/ 4<<5/ _Whvwlqj iru d xqlw urrw lq wkh suhvhqfh ri
ghwhuplqlvwlf wuhqgv/% R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ 87/ 58:~
5;;1
Vfkrwpdq/ S1 dqg K1N1 ydq Glmn/ 4<<4/ _D Ed|hvldq dqdo|vlv ri wkh xqlw urrw lq uhdo
h{fkdqjh udwhv/% Mrxuqdo ri Hfrqrphwulfv/ 7</ 4<8056;1
Vfkzdu}/ J1/ 4<:;/ _Hvwlpdwlqj wkh glphqvlrq ri d prgho/% Dqqdov ri Vwdwlvwlfv/ 9/
794~7971
Vfkzhuw/ J1Z1/ 4<;</ _Whvwv iru xqlw urrwv= D Prqwh Fduor lqyhvwljdwlrq/% Mrxuqdo
ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ :/ 47:~48<1
Vlpv/ F1/ M1 Vwrfn dqg P1 Zdwvrq/ 4<<3/ _Lqihuhqfh lq olqhdu wlph vhulhv prghov zlwk
vrph xqlw urrwv/% Hfrqrphwulfd/ 8;/ 446~4771
Vror/ Y1/ 4<;7/ _Wkh rughu ri glhuhqflqj lq DULPD prghov/% Mrxuqdo ri wkh Dphu0
lfdq Vwdwlvwlfdo Dvvrfldwlrq/ :</ <49~<541
Vwrfn/ M1K1 +4<<4, _Frqghqfh lqwhuydov iru wkh odujhvw dxwruhjuhvvlyh urrw lq X1V1
hfrqrplf wlph vhulhv/% Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 5;+6,/ 768~7931
Vwrfn/ M1K1/ 4<<8/ _Xqlw urrwv/ vwuxfwxudo euhdnv dqg wuhqgv1% Lq U1I1 Hqjoh dqg G1
PfIdgghq +hgv1,/ Kdqgerrn ri Hfrqrphwulfv/ Yro1 7/ 5:6<05;74/ Dpvwhugdp=
Qruwk~Kroodqg1
Zklwh/ M1V1/ 4<8;/ _Wkh olplwlqj glvwulexwlrq ri wkh vhuldo fruuhodwlrq frhflhqw lq
wkh h{sorvlyh fdvh/% Dqqdov ri Pdwk1 Vwdwlvw1/ 5</ 44;;~44<:1
7:

[ldr/ ]1 dqg S1F1E1 Skloolsv/ 4<<:/ _Dq DGI frhflhqw whvw iru DUPD prghov zlwk
xqnqrzq rughuv/% Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu Qr1 44941
]lyrw/ H1 dqg G1Z1N1 Dqguhzv/ 4<<5/ _Ixuwkhu hylghqfh rq wkh juhdw fudvk/ wkh rlo
sulfh vkrfn/ dqg wkh xqlw urrw k|srwkhvlv/% Mrxuqdo ri Exvlqhvv dqg Hfrqrplf
Vwdwlvwlfv/ 43/ 584~5:31
]lyrw/ H1 dqg S1F1E1 Skloolsv/ 4<<7/ _D Ed|hvldq dqdo|vlv ri wuhqg ghwhuplqdwlrq lq
hfrqrplf wlph vhulhv1% Hfrqrphwulf Uhylhzv/ 46/ 5<4~6691
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Dedglu/ N1/ 4<<</ Pdwkhpdwlfv ri Xqlw Urrw Hfrqrphwulfv/ Qhz \run= Mrkq Zloh|1
+Iruwkfrplqj lqwurgxfwlrq wr wkh pdwkhpdwlfv ri xqlw urrw glvwulexwlrq wkhru|,1
Edqhumhh/ D1/ M1 Grodgr/ M1Z1 Jdoeudlwk dqg G1I1 Khqgu|/ 4<<5/ Frlqwhjudwlrq/
Huuru Fruuhfwlrq/ dqg wkh Hfrqrphwulf Dqdo|vlv ri Qrq0Vwdwlrqdu| Wlph Vh0
ulhv1 R{irug= R{irug Xqlyhuvlw| Suhvv1 +D wh{werrn lqwurgxfwlrq wr xqlw urrwv
dqg frlqwhjudwlrq wkdw lv ghvljqhg wr eh dffhvvleoh wr judgxdwh vwxghqwv ri hfr0
qrplfv1,
Fdpsehoo/ M1\1 dqg S1 Shuurq/ 4<<4/ _Slwidoov dqg rssruwxqlwlhv= Zkdw pdfurhfrqr0
plvwv vkrxog nqrz derxw xqlw urrwv% QEHU Pdfurhfrqrplfv Dqqxdo/ 474~5331
+D vxuyh| ri uhvhdufk rq xqlw urrwv lq wkh 4<;3*v wkdw lv lqwhqghg iru dssolhg
uhvhdufkhuv1,
Gdylgvrq/ M1/ 4<<7/ Vwrfkdvwlf Olplw Wkhru|= Dq Lqwurgxfwlrq iru Hfrqrphwulfldqv1
R{irug Xqlyhuvlw| Suhvv1 +Dq lqwurgxfwlrq wr dv|pswrwlf wkhru| iru hfrqrph0
wulfldqv/ lqfoxglqj ixqfwlrqdo olplw wkhru| dqg vwrfkdvwlf lqwhjudwlrq zlwk dq
hpskdvlv rq pl{lqj vhtxhqfhv dqg ixqfwlrqv ri pl{lqj vhtxhqfhv,1
Gku|phv/ S1/ 4<<;/ Wlph Vhulhv/ Xqlw Urrwv dqg Frlqwhjudwlrq1 Vdq Glhjr= Dfdg0
hplf Suhvv1 +D uljrurxv wuhdwphqw ri wlph vhulhv phwkrgv wkdw ghdov zlwk xqlw
urrw wkhru| dqg frlqwhjudwlrq,1
Glherog/ I1[1 dqg P1 Qhuoryh/ 4<<3/ _Xqlw urrwv lq hfrqrplf wlph vhulhv/% Dgydqfhv
lq Hfrqrphwulfv/ ;/ 6~:31 +D vxuyh| ri xqlw urrw olwhudwxuh lq wkh 4<;3v1,
7;

Grodgr/ M1/ W1 Mhqnlqvrq dqg V1 Vrvylood~Ulyhur/ 4<<3/ _Frlqwhjudwlrq dqg xqlw
urrwv/% M1 Hfrqrplf Vxuyh|v/ 7/ 57<~5:61 +D jhqhudo vxuyh| ri olwhudwxuh lq wkh
hog ri xqlw urrwv dqg frlqwhjudwlrq lq wkh 4<;3v1,
Hfrqrphwulf Wkhru|/ 43+6)7,/ 4<<71 +V|psrvlxp ri uhfhqw zrun lq wkh hog ri
Ed|hvldq xqlw urrwv1,
Hfrqrphwulf Uhylhzv/ 4<<71 +Wzr vshfldo lvvxhv rq xqlw urrwv dqg frlqwhjudwlrq
uhsruwlqj uhfhqw uhvhdufk1,
Iudqvhv/ S1 K1/4<<9/ Shulrglflw| dqg Vwrfkdvwlf Wuhqgv lq Hfrqrplf Wlph Vhulhv/
R{irug Xqlyhuvlw| Suhvv/ R{irug1 +D jhqhudo uhihuhqfh rq shulrglf prghov iru
vhdvrqdoo| revhuyhg wlph vhulhv zlwk vwrfkdvwlf wuhqgv,
Ixoohu/ Z1D1 / 4<:9/ Lqwurgxfwlrq wr Vwdwlvwlfdo Wlph Vhulhv1 Qhz \run= Zloh|1
+Dffhvvleoh whfkqlfdo lqwurgxfwlrq wr wlph vhulhv1 Wkh uvw wh{werrn wuhdwphqw
ri xqlw urrwv1 Frqwdlqv wkh ruljlqdo wdexodwlrqv ri wkh fulwlfdo ydoxhv ri wkh
Glfnh|~Ixoohu whvwv1,
Ixoohu/ Z1D1/ 4<<9/ Lqwurgxfwlrq wr Vwdwlvwlfdo Wlph Vhulhv1 Qhz \run= Zloh|1 +5qg
Hglwlrq ri Ixoohu/ 4<:9/ h{sdqghg wr lqfoxgh vrph fryhudjh ri v|vwhpv zlwk
vhyhudo xqlw urrwv,
Kdplowrq/ M1G1/ 4<<7/ Wlph Vhulhv Dqdo|vlv1 Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv1
+D wh{werrn wuhdwphqw ri wlph vhulhv zlwk fryhudjh ri xqlw urrw wkhru| dqg
frlqwhjudwlrq zlwk h{dpsohv dqg dssolfdwlrqv1 Ghvljqhg pdlqo| iru judgxdwh
vwxghqwv lq hfrqrplfv1,
Kdwdqdnd/ P1/ 4<<9/ Wlph0Vhulhv Edvhg Hfrqrphwulfv1 R{irug= R{irug Xqlyhuvlw|
Suhvv1 +Wh{werrn ri xqlyduldwh whvwv iru xqlw urrwv dqg frlqwhjudwlrq dqdo|0
vlv/ zklfk uhodwhv wkh hfrqrphwulf phwkrgv wr hfrqrplf lghdv dqg hpslulfdo
dssolfdwlrqv,1
Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 9+7,/ 4<<41 +D vshfldo lvvxh rq Ed|hvldq xqlw urrw
prghov zlwk d irfxv rq wkh irupxodwlrq ri sulruv lq vwdwlrqdu| dqg qrqvwdwlrqdu|
wlph vhulhv prghov1,
Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 43/ 4<<51 +D vshfldo lvvxh ghyrwhg wr
vwuxfwxudo fkdqjh prghov dqg xqlw urrwv zlwk eurnhq wuhqgv1,
Mrkdqvhq/ V1/ 4<<8/ Olnholkrrg Edvhg Lqihuhqfh lq Frlqwhjudwhg Yhfwru Dxwruhjuhvvlyh
Prghov1 R{irug= R{irug Xqlyhuvlw| Suhvv1 +Wh{werrn fryhudjh ri Jdxvvldq
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pd{lpxp olnholkrrg hvwlpdwlrq dqg lqihuhqfh lq yhfwru dxwruhjuhvvlyh prghov
zlwk uhgxfhg udqn vwuxfwxuh/ ghdolqj zlwk vhtxhqwldo whvwv iru frlqwhjudwlqj udqn
dqg uhvwulfwlrqv rq wkh frlqwhjudwlqj vsdfh1,
Rxoldulv/ V1 dqg S1 F1 E1 Skloolsv/ 4<<6/ FRLQW 513= JDXVV Surfhgxuhv iru Frlqwh0
judwlqj Uhjuhvvlrq1 Dswhfk V|vwhpv/ Zdvklqjwrq1 +D vxlwh ri JDXVV frpsxwhu
surjudpv iru qrqvwdwlrqdu| wlph vhulhv dqg prgho vhohfwlrq/ zklfk surylghv urx0
wlqhv iru doo ri wkh pdmru xqlw urrw whvwv dqg kdv exlow lq nhuqho surfhgxuhv iru
orqj uxq yduldqfh hvwlpdwlrq dqg vshfwudo ghqvlw| hvwlpdwlrq1,
R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ 7; dqg 87/ 4<;9 dqg 4<<51 +Wzr
vshfldo lvvxhv ri hpslulfdo dqg wkhruhwlfdo duwlfohv rq frlqwhjudwlrq dqg xqlw
urrwv1,
Skloolsv/ S1F1E1/ 4<;;/ _Pxowlsoh Uhjuhvvlrq zlwk Lqwhjudwhg Wlph Vhulhv/% Frqwhp0
srudu| Pdwkhpdwlfv/ ;3/ :<~4381 +D ghwdlohg uhylhz duwlfoh wkdw fryhuv ixqf0
wlrqdo olplw wkhru|/ zhdn frqyhujhqfh wr vwrfkdvwlf lqwhjudov/ wkh dv|pswrwlf
wkhru| ri xqlw urrwv/ uhjuhvvlrq zlwk lqwhjudwhg surfhvvhv/ vsxulrxv uhjuhvvlrq/
frlqwhjudwlrq/ dqg orfdo0wr0xqlw| dv|pswrwlfv1,
Skloolsv/ S1F1E1/ 4<<5/ _Xqlw urrwv/% Qhz Sdojudyh Glfwlrqdu| ri Prqh| dqg Il0
qdqfh1 Orqgrq= Pdfploodq1 +D vkruw lqwurgxfwlrq wr xqlw urrw whvwlqj dqg
xqlw urrw prghov lq hfrqrplfv dqg qdqfh/ zulwwhq iru hfrqrplvwv1,
Skloolsv/ S1F1E1/ 4<<8/ _Frlqwhjudwlrq dqg xqlw urrwv= Uhfhqw errnv dqg wkhphv
iru wkh ixwxuh/% Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 43/ ;:~<71 +Uhylhzv uhfhqw
wkhphv lq wkh olwhudwxuh dqg srlqwv wr gluhfwlrqv ri ixwxuh uhvhdufk1,
Skloolsv/ S1F1E1/ 4<<:/ _Xqlw Urrw Whvwv%/ Hqf|forshgld ri Vwdwlvwlfdo Vflhqfh/ Xs0
gdwh/ Yroxph 4/ ss1 864~8751 +Uhylhz ri xqlw urrw whvwv dqg ryhuylhz ri wkh
hog zlwk dq hpslulfdo looxvwudwlrq,1
Uhlqvho/ J1/ 4<<6/ Hohphqwv ri Pxowlyduldwh Wlph Vhulhv Dqdo|vlv1 Qhz \run=
Vsulqjhu~Yhuodj1 +D prghuq wuhdwphqw ri pxowlyduldwh wlph vhulhv zlwk vrph
dwwhqwlrq wr YDU prghov zlwk uhgxfhg udqn vwuxfwxuh dqg frlqwhjudwlrq1,
Vwrfn/ M1K1 dqg P1Z1 Zdwvrq/ 4<;;/ _Yduldeoh Wuhqgv lq Hfrqrplf Wlph Vhulhv/%
Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 5+6,/ 47:04:71 +Lqwurgxfwru| rxwolqh ri vwr0
fkdvwlf wuhqgv dqg xqlw urrwv dqg frlqwhjudwlrq iru hfrqrplvwv1,
Wdqdnd/ N1/ 4<<9/ Wlph Vhulhv Dqdo|vlv= Qrqvwdwlrqdu| dqg Qrqlqyhuwleoh Glvwulex0
wlrq Wkhru|1 Qhz \run= Zloh|1 +Wh{werrn fryhudjh dw dq dgydqfhg ohyho ri wkh
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olplw glvwulexwlrq wkhru| iru xqlw urrw prghov dqg vpdoo frlqwhjudwlrq v|vwhpv/
zlwk d irfxv rq wkh Iuhgkrop dssurdfk wr fkdudfwhulvlqj wkh glvwulexwlrq ri
ixqfwlrqdov ri vwrfkdvwlf surfhvvhv olnh Eurzqldq prwlrq1,
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